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ABSTRACT

Performance of magnetized liner inertial fusion (MagLIF) experiments is highly dependent on transport processes including magnetized heat
flows and magnetic flux losses. Magnetohydrodynamic simulations used to model these experiments require a choice of model for the
transport coefficients, which are the constants of proportionality relating driving terms, such as temperature gradients and currents, to the
associated heat and magnetic field transport. The coefficients have been the subject of repeated recalculation using various methods
throughout the years. Using a semi-analytic MagLIF model [McBride and Slutz, Phys. Plasmas 22, 052708 (2015)], we compare models for
the transport coefficients provided by Braginskii [Reviews of Plasma Physics, edited by M. A. Leontovich (Consultants Bureau, New York,
1965), Vol. 1, p. 205], Epperlein and Haines [Phys. Fluids 29, 1029 (1986)], Ji and Held [Phys. Plasmas 20, 042114 (2013)], Davies et al.
[Phys. Plasmas 28, 012305 (2021)], and Sadler et al. [Phys. Rev. Lett. 126, 075001 (2021)]. The choice of model modifies magnetic-flux losses
caused by the Nernst thermoelectric effect and thermal conduction losses. We present simulated results from parameter scans conducted in
order to compare the effects of the different models on parameters of interest in MagLIF. In some regions of parameter space, discrepancies
of up to 38% are found in integrated quantities like the fusion yield. These results may serve as a guide for experimental validation of the vari-
ous models, particularly as laser preheat energies and initial axial field strengths are increased on MagLIF experiments.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0221649

I. INTRODUCTION

Transport coefficients in advanced magnetohydrodynamics
(MHD) simulations play a key role in the design and analysis of iner-
tial confinement fusion (ICF) experiments.1–3 Various research groups
have used different modeling and fitting techniques to calculate trans-
port coefficients as functions of magnetic field and ionization.4–8 These
transport coefficients differ from analytically derived transport coeffi-
cients in that they are provided as functional fits to the results of
kinetic simulations. It is important to understand how the different
transport coefficient models may impact the MHD simulations used to
design and analyze high-valued ICF and high energy density physics
(HEDP) experiments. To this end, we have studied the sensitivities of
different transport coefficient models in an ICF concept called magne-
tized liner inertial fusion (MagLIF).2,3

MagLIF is studied experimentally on the 20–30 MA, 100 ns Z
facility at Sandia National Laboratories.9,10 In MagLIF, the Z facility
implodes an initially solid-metal cylindrical shell (called a liner), usu-
ally made of beryllium or aluminum. The radially imploding cylindri-
cal shell compresses preheated (�100 eV) and premagnetized (�10T)
fusion fuel. Near stagnation, the hot fuel region reaches temperatures
of a few keV, and the magnetic field is flux compressed to � 5 kT
(Ref. 11) leading to magnetized electrons and ions. Typical parameters
and evolution of a MagLIF shot, taken from a semi-analytic MagLIF
model (SAMM) simulation (see Sec. IV for further discussion), are
shown in Fig. 1.

The fuel is comprised of either pure deuterium or deuterium–tri-
tium mixtures. Pre-magnetization is accomplished with a separate
Helmholtz coil pair12 or an auto-magnetizing liner,13,14 and the fuel
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preheating is accomplished with the few-kilojoule Z beamlet laser
(ZBL).15 In addition to the Z facility, MagLIF-relevant experiments are
also conducted at the OMEGA laser facility and the National Ignition
Facility (NIF) in the form of scaled-down laser-driven “mini-
MagLIF”16–24 experiments and ignition-scale experiments for the study
of magnetized laser preheat,25 respectively. The MagLIF-relevant NIF
shots used a range of applied axial magnetic field strengths up to 24T,
and achieved coupled laser preheat energies ranging up to 27.2 kJ.

MagLIF experiments are simulated using sophisticated multiphysics
MHD codes, such as LASNEX,3,26 HYDRA,11 and GORGON,27 as well
as simplified codes like the semi-analytic MagLIF model (SAMM).28,29

For the purpose of this article (i.e., quickly testing transport coefficient
sensitivities over a broad parameter space), the SAMM code is particu-
larly useful since a given MagLIF simulation can be run in approximately
30 s on a laptop. The SAMM code includes modeling of laser preheating
of the fuel, pulsed-power-driven liner implosion, liner compressibility,
artificial viscosity, internal magnetic pressure, ohmic heating, adiabatic
compression and heating of the fuel, radiative losses and fuel opacity,
magnetic flux compression with Nernst thermoelectric losses, magnetized
electron and ion thermal conduction losses, end losses, enhanced losses
due to prescribed dopant concentrations and contaminant mix, fusion
reactions, andmagnetized a-particle fuel heating.

Key physics processes in MagLIF are directly modified by the
choice of transport model. Steep temperature gradients induced by the
limited spatial extent of the laser preheating leads to enhanced mag-
netic flux losses from the fuel region to the liner via the Nernst effect,
the magnitude of which is controlled by the Nernst transport coeffi-
cient.10 Thermal conduction losses out of the hot fuel are also strongly
controlled by thermal conductivity coefficients. More broadly speak-
ing, transport effects, and thus the transport coefficients, play an
important role whenever there are significant driving terms such as
temperature gradients and currents, as discussed further in Sec. II.

II. THEORY OF TRANSPORT COEFFICIENTS IN
EXTENDED MHD

Transport coefficients are the constants of proportionality that
relate driving terms (i.e., temperature gradients and currents) to their

corresponding perturbations of the zeroth order Maxwellian distribu-
tion function. In magnetized plasmas, they govern both magnetic field
and heat transport. Considering magnetic-field transport first, trans-
port coefficients appear when Coulomb collisions are accounted for in
an Ohm’s law.4 The tensor extended magnetohydrodynamic (MHD)
generalized Ohm’s law is given by4,5,8

E ¼ �u� Bþ J� B
ene

�r � Pe
ene

þmea � J
e2nes

� b � rTe

e
: (1)

The first term on the right-hand side of Eq. (1) gives the ideal MHD
Ohm’s law, dependent on the fluid velocity u and magnetic field B.
The second and third terms are the Hall term and electron pressure
term, respectively, with the current density J, electron pressure tensor
Pe , and electron density and charge, ne and e. The second to last term
in Eq. (1) includes the resistivity transport coefficient tensor a and the
driving current density J, where me is the electron mass, and s is the
mean time between electron Coulomb collisions (the inverse of the col-
lision frequency). Similarly, the last term includes the thermoelectric
transport coefficient tensor b and a driving electron temperature gra-
dientrTe.

Expanding out the last two terms of Eq. (1), one can isolate each
transport coefficient in a direction relative to B and the driving factors
J and rTe. The commonly used Braginskii formulation,4,7 which was
used by Braginskii,4 Epperlein and Haines,5 and Ji and Held6 for their
transport models, is given by

E ¼ �u� Bþ J� B
nee

�r � Pe
nee

þ me

e2nes
ajjbðb � JÞ þ a?b� ðJ� bÞ � a� ðb� JÞ� �

� bjj
e
b b � rTeð Þ � b?

e
b� rTe � bð Þ � b�

e
b�rTeð Þ; (2)

where b is the magnetic-field unit vector. As illustrated in Fig. 2, the
directions of the transport coefficients are denoted by k,?, and � sub-
scripts, where k indicates the direction parallel to both the magnetic
field and the driving factor, ? indicates the direction perpendicular to
the magnetic field and parallel to the driving factor, and � indicates
the direction perpendicular to both the magnetic field and driving fac-
tor. While Braginskii’s formulation is physically correct, its form for
the transport coefficients, particularly the perpendicular coefficients,

FIG. 1. (a) Diagram of the regions modeled in SAMM, including the hotspot
(0 < r < rh) and shelf (rh < r < rg) subregions within the gas region, and the liner
(rg < r < rl ) and vacuum regions (r > rl ). (b) Overview of a SAMM simulation of the
2010 point design2 (modified to have smaller preheat radius rph0 ¼ 1

4 rg0), showing
the current (MA/10), liner trajectory (mm), and average gas temperature �Tg (keV).

FIG. 2. Transport coefficient directions relative to the magnetic field and the driving
term (rTe as shown here, for example). The orientation chosen here reflects the
directionality of MagLIF with the magnetic field pointing vertically upward and rTe
pointing radially inward.
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makes it more difficult to find correct fitting functions that are physical
and have the correct asymptotic behavior, as discussed in Sec. III.
Additionally, it does not make clear which terms are source, advection,
or diffusion terms.

The disadvantages of Braginskii’s formulation motivated a refor-
mulation of the Ohm’s law. Davies7 and Sadler8 independently arrived
at a new formulation given by

E ¼ meak
l0e2nes

r� B� uB � Bð Þ � r � Pe
ene

; (3)

with the corresponding magnetic field evolution given by

@B
@t

¼ meak
l0e2nes

r2Bþr� uB � Bð Þ þ r �r � Pe
ene

; (4)

where the first, second, and third terms on the right-hand side corre-
spond to magnetic-field diffusion, advection, and the Biermann battery
source term, respectively. The magnetic field advection velocity uB is
given by

uB ¼ u� 1þ d?ð Þ J
ene

þ d�
J� b
ene

� c?
s
me

rTe þ c�
s
me

rTe �bð Þ;
(5)

where d? ¼ a� =ve, d� ¼ ða? � akÞ=ve, c? ¼ b� =ve, and c�
¼ ðbk � b?Þ=ve. The term ve is the electron Hall parameter, equal to
xces, where xce ¼ eB=me is the electron cyclotron frequency. Note
that this formulation uses the difference between perpendicular and
parallel coefficients rather than perpendicular coefficients by them-
selves, and that the direction subscripts have changed to match the
directions in which the associated terms act. For example, the Nernst
velocity term, with the coefficient c?, acts perpendicular to the mag-
netic field and parallel to the driving factor, as indicated by the ? sub-
script in c?.

This new Ohm’s law has several advantages compared to
Braginskii’s formulation. First, it is more conducive to finding fitting
functions without unphysical properties. The incorrect fitting func-
tions for the perpendicular electrothermal and resistivity coefficients
used by Epperlein and Haines, and Ji and Held, as discussed later, can
lead to unphysical behavior in cross field magnetic-field transport
(both current driven and temperature gradient driven).7 The fits of
Epperlein and Haines, and Ji and Held, therefore, can lead to incorrect
modeling of magnetic-field transport, and, by extension, the overall
plasma evolution.8 In addition to the transport coefficients themselves,
the terms from Braginskii’s formulation have been rearranged into a
more physically meaningful way in Eq. (3) by grouping them into dif-
fusion, advection, and source terms.

In addition to magnetic-field transport, transport coefficients also
affect the transport of electron and ion thermal energy. Among the
models studied in this paper that account for heat transport, all of
them do so in qualitatively the same way, with the same representa-
tions for the transport coefficients (unlike the magnetic field transport
for which Davies and Sadler recast the parallel and perpendicular coef-
ficients). Quantitative differences between the models do arise, how-
ever, from how the coefficients and their fits are calculated. Following
Refs. 5 and 8, heat flow is described by

qe ¼ � neTes
me

j � rTe � Te

e
b � J; (6)

where j is the thermal conductivity transport coefficient tensor with a
corresponding temperature gradient driving term.

III. CALCULATION AND FITTING OF TRANSPORT
COEFFICIENTS

After identifying the transport coefficients in the magnetic trans-
port equations [Eqs. (3) and (5)] and in the heat transport equation
[Eq. (6)], two distinct steps are taken before arriving at a set of coeffi-
cients that can be used practically in an MHD simulation code. First,
the transport coefficients are calculated at specific values of ve and ion-
ization Z, using one of two methods: a Laguerre expansion (LE) or a
direct numerical solution of the Fokker–Planck equation (FPE). Then,
fits are found for these values, yielding transport coefficient functions
that are continuous functions of ve. Fits can be made for given discrete
values of Z, or can be made continuous functions of Z in addition to
ve. Fits can be found for the ion transport coefficients in the same
manner as functions of Z and vi ¼ xcisii, where xci ¼ ZeB=mi is the
ion cyclotron frequency and sii is the ion–ion collision time. Note that
in Secs. IV–V, we will be focusing on purely hydrogenic fuel (Z ¼ 1)
and only transport processes within the fuel (rather than liner), but we
discuss the Z dependence of all the models in this section for complete-
ness. In addition, electron and ion viscosity are important consider-
ations, but are not considered in this paper as they are not included in
SAMM.

Both of these steps—the calculating and the fitting—can intro-
duce errors to the final set of transport coefficients. The fitting func-
tions as well as their derivatives should be continuous, i.e., should not
have discontinuities in (ve, Z). The calculation method and Z depen-
dence for each transport model are summarized in Table I, as well as
which of the three transport coefficients in SAMM are included in each
model.

Braginskii as well as Ji and Held use an LE of the anisotropic part
of the particle distribution function. Braginskii uses three terms in the
expansion of f1, the anisotropic part of the distribution function, and
produces continuous fits to the transport coefficient values in ve and at
Z ¼ 1; 2; 3; 4;1 to an accuracy of 20%.4,7 Note that Z ¼ 1 refers to
a calculation including only electron–ion scattering, so it should be
valid as Z ! 1 and electron–electron collisions become negligible.
The Ji–Held model uses up to 160 terms, enough terms in the
Laguerre expansion such that the results varied by less than 1%. The
model gave fits in ve and Z for Z ¼ 0; 1;…; 100, with each fit match-
ing the 160 term solution to better than 1%,6,7 although this level of

TABLE I. Summary of the transport coefficient models, including calculation method,
Z dependence in the model’s fits, and which of the three given transport coefficients
were calculated. These three transport coefficients (j?e , j

?
i , and b�) are the ones in

included in SAMM.

Model Method Z dependence j?e j?i b�

Braginskii LE, 3 terms 1,2,3,4, 1 � � �
Epperlein–Haines FPE 1–8, 10, 12, 14,

20, 30, 60, 1
� �

Ji–Held LE, up to
160 terms

0–100 � � �

Davies FPE Z � 1 �
Sadler FPE Z � 1 � �
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accuracy is misleading for some of the coefficients given the unphysical
fitting formulas used, as will be discussed later. Note that Z ¼ 0 corre-
sponds to only electrons, so these coefficients could be used in a two-
fluid code where there could be regions containing only electrons.

In contrast, Epperlein and Haines, Davies, and Sadler use a direct
numerical solution of the Fokker–Planck equation. The Epperlein–
Haines model uses finite differences (in velocity space) of the f1 equa-
tion to numerically solve for the transport coefficients, and provide fits
in ve and at Z ¼ 1� 8; 10; 12; 14; 20; 30; 60; and Z ! 1, within an
accuracy of 15%, again, misleading because of some of their unphysical
fitting formulas. Davies and Sadler employ a similar technique but pro-
vide fits for arbitrary Z � 1.

Note that the numerical results (i.e., the calculated values of the
transport coefficients before fitting) for Epperlein and Haines, Ji and
Held, Davies, and Sadler are essentially equivalent. (Only the numeri-
cal results of Braginskii are different from the rest since only three
terms in the LE were used, which is not enough to achieve sufficient
accuracy as Ji and Held showed.) Yet, there are still significant differ-
ences between the models because of the choices for fitting functions.
In particular, the Epperlein–Haines and Ji–Held fits for the perpendic-
ular electrothermal and resistivity coefficients are fundamentally
unphysical because of their incorrect limiting behavior. Both the coeffi-
cient values themselves, as well as their derivatives with respect to ve,
should be zero at ve ¼ 0, such that there is no cross field transport
when B ¼ 0. The derivatives should be zero at ve ¼ 0 because in the
induction and electron internal energy evolution equations, gradients
are taken of the terms with these cross field coefficients, and these
terms must not contribute when B ¼ 0 in order to be physically cor-
rect. The Epperlein–Haines and Ji–Held fits for the perpendicular elec-
trothermal and resistivity coefficients do not satisfy both of these
requirements. This contrasts with Braginskii, who chose to fit to a
function of v2e , ensuring that the derivative of the transport coefficient
with respect to ve goes to zero as ve goes to zero. Davies and Sadler
also use fitting functions that satisfy these requirements. This is illus-
trated in Fig. 3 for the perpendicular coefficients, a?, b?, j?e , and j

?
i .

In addition to the errors introduced by calculating and fitting to
the transport coefficients, there are also assumptions made by the
transport models that limit their general applicability. There are the
assumptions of linear transport theory common to all the transport
models. The anisotropic part of the distribution function should be

much smaller than the (isotropic) Maxwellian part, and temperature
and density gradients should be shallow: vthsjrTej=Te � 1 and
vthsjrnej=ne � 1, where vth is the thermal velocity. There are also
assumptions relating to the initial conditions of the simulations used
by Epperlein–Haines, Davies, and Sadler. For example, Sadler assumed
a fixed electric field and varied the transverse magnetic field, while
Davies used a constant externally applied magnetic field.

To summarize, while all five transport models stem from the
same physics of extended MHD, different choices are made in the cal-
culation and fitting methods, some of which significantly impact the
final transport coefficients. All five transport models use physically
equivalent Ohm’s laws, despite their different forms. Furthermore,
except for Braginskii, their numerical results from calculating the
transport coefficients are all essentially equal. However, Epperlein–
Haines and Ji–Held use fitting formulas that give unphysical values for
the perpendicular electrothermal and resistivity coefficients at ve � 1,
unlike Braginskii, Davies, and Sadler whose fitting functions do give
the correct limiting behavior. In addition to the limiting values, the
transport coefficients also vary between each model at intermediate
values of ve and vi as a result of the fitting formulas. Some of these dif-
ferences are illustrated in Fig. 4, which shows how the fitting functions
from each model for several transport coefficients vary as a function of
ve relative to Braginskii’s fit values.

The comparison was made to Braginskii in Fig. 4 because he pro-
vided the first set of transport coefficients and they have a long history
of usage in MHD simulations. The rest of this paper presents results
from simulations designed to uncover and explain differences between
the transport models.

Before proceeding, we note that not all transport coefficients are
provided by every model. For example, ion coefficients are often omit-
ted altogether (largely due to the difficulty of adapting Fokker–Planck
simulations from electrons to ions). Thus it is sometimes necessary to
combine different models in order to account for all transport effects
in SAMM. See Table I for which coefficients in SAMM are included in each
transport model.

IV. TRANSPORT COEFFICIENTS AND DEPENDENCIES
IN SAMM

SAMM is a 1D, semi-analytic code for modeling magnetized liner
inertial fusion (MagLIF).28 It consists of a central fuel region (i.e., a gas

FIG. 3. Derivatives of perpendicular thermal conductivity coefficients, j?e and j?i , and perpendicular resistivity and electrothermal coefficients, a? and b?, with respect to the
electron or ion Hall parameter, ve or vi, respectively: (a) @j

?
e =@ve. (b) @j

?
i =@vi . (c) @a?=@ve. (d) @b?=@ve. Z ¼ 1 is used here. Note that ion transport coefficients are

only provided by Braginskii and Ji–Held.
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region), a liner region, and an outer vacuum region and it can model
the 1D evolution of the liner trajectory and fuel region properties like
temperature profiles, as shown in Fig. 1.

As is often done in MHD codes, the transport coefficients are cal-
culated in SAMM from rational polynomial fits, which are provided by
the transport model being used and found in the manner discussed in
Sec. I. Note that in the following analysis, we ignore contaminant mix,
assuming purely hydrogenic fuel (Z ¼ 1), thus suppressing the Z
dependence in the transport coefficient fits. In addition, magnetic dif-
fusion is not modeled in SAMM because in a MagLIF experiment with
a hot gas region, Nernst flux losses dominate the flux losses caused by
magnetic diffusion,28 so the perpendicular resistivity coefficient is not
included in the following analysis. Finally, since spatial variations in
SAMM are only allowed in the radial direction, only the perpendicular
and cross coefficients are relevant here. These conditions yield the
following three coefficients which we model: j?e ¼ j?e ðveÞ, j?i
¼ j?i ðviÞ, and b� ¼ b� ðveÞ.

In SAMM, these transport coefficients directly modify the elec-
tron and ion thermal conduction losses, Pce and Pci, and the magnetic
flux losses from the gas region into the liner, _Uzg, as follows:

PceðrÞ ¼ 2prh � j?e ðveÞ � kB
@Tg

@r
; (7)

PciðrÞ ¼ 2prh � j?i ðviÞ � kB
@Tg

@r
; (8)

_Uzg ¼ �2prh � b� ðveÞ �
kB
qe

@Tg

@r

� �
r¼rg

; (9)

where rg ¼ rgðtÞ is the radius of gas–liner interface, and h is the height
of the liner.

To provide a sense of the values of the transport coefficients them-
selves within the regions of the imploding fuel (namely, the less-dense
hotspot region, and the denser cold-shelf region), we plot as a function
of time in Fig. 5 illustrative values of the transport coefficients, �j?e ,
where the bar denotes volume averaging, and b�ðr ¼ rgÞ, the Nernst
coefficient at r ¼ rg. These were taken from a simulation of the 2010
point design,2 modified to have a preheat radius less than the gas radius,

rph0 ¼ 1
4 rg0. Figures 5(a) and 5(b) show the coefficient values them-

selves, while Figs. 5(c) and 5(d) shows these values relative to Sadler.

V. RESULTS

To test the cumulative impact of different modeling choices one
makes when selecting a set of transport coefficients, we compare the

FIG. 4. Discrepancies, relative to Braginskii and as a function of the Hall parameter ve ¼ xces, of each model’s electron transport coefficients in SAMM. (a) Perpendicular elec-
tron thermal conductivity coefficient j?e . (b) Cross-field electrothermal (i.e., Nernst) coefficient b�, as well as the perpendicular coefficients corrected by Refs. 7 and 8.
(c) Perpendicular electrothermal (i.e., cross field Nernst) b? . (d) Perpendicular resistivity coefficient, a?. Z ¼ 1 is used here. Note the log scale and that thermal conductivity
coefficients, such as j?e , are not provided by Davies.

FIG. 5. (a) Volume averaged electron thermal conduction coefficient �j?e . (b) Nernst
coefficient at r ¼ rg, b�ðr ¼ rgÞ. The discrepancy of (a) and (b), given as a percent
discrepancy relative to Sadler, is shown in (c) and (d), respectively. These curves were
taken from SAMM simulations of the same design as in Fig. 1(b). The time axis starts at
the laser preheat start time. The bang time for the Sadler run is indicated by the vertical
dashed line at t � 149 ns. Note that the Davies curve lies on top of the Ji–Held curve.
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coefficients’ integrated effect on various values of interest like
the fusion yield. We also look at the transport coefficients’ effect on the
burn- and volume-averaged fuel temperature, h�T gi, and the percent of
magnetic flux, fU, that has been lost at the time of peak burn tbang,
defined as follows:

h�T gi 	

ðtend
0

�T gðrÞ _N ðtÞdtðtend
0

_N ðtÞdt
; (10)

where

�T gðtÞ 	

ðrgðtÞ
0

Tgðr; tÞ � 2prhdrðrgðtÞ
0

2prhdr

(11)

and

fU 	 1� Uzgðt ¼ tbangÞ
Uzgðt ¼ 0Þ

" #
� 100; (12)

where _N ¼ _N ðtÞ is the neutron production rate and tend is the simula-
tion end time when _N � 0. These quantities were selected because
they are more directly impacted by the choice of transport coefficients.

Parameter scans across the laser preheat energy, Eph, from 500 J
to 20 kJ, and the initial axial magnetic field, Bz0, from 0 to 50T sample
a large region of parameter space for each transport model. These two
parameters, Eph and Bz0, are both particularly important in determin-
ing the plasma transport properties, as they affect the total energy
deposited in the fuel and the degree of confinement, respectively. The
different Bz0 values lead to different levels of magnetization, ve, which
is an argument for all the transport model fits, and thus has a direct
impact on the transport properties. Similarly, different Eph values lead
to different hotspot energies and, by extension, different temperature
gradients rTe, which will influence magnetic field transport as the
magnetic-field is advected down the temperature gradient in propor-
tion torTe via the Nernst term.

As mentioned in Sec. IV, not every transport coefficient is
included in each model, requiring some combination of the different
models. For the sake of a clearer comparison and its long-standing and
frequent usage, we use Braginskii’s ion thermal conduction coefficient
j?i for all models (including Ji and Held’s), allowing us to compare
only the electron (thermal conduction and Nernst) coefficients in
SAMM, j?e and b�, between the five models. At ve � 7, perpendicular
thermal conductivity becomes lower for electrons than ions, though,
so a comparison between the ion thermal conductivity coefficients
(provided namely, by Braginskii and Ji and Held) is also of interest for
MagLIF. Additionally, note that out of the transport coefficients
included in SAMM, Davies only provides a new fit for the Nernst velocity
coefficient, b�, so we test Davies’ Nernst velocity coefficient along with
Ji–Held’s electron thermal conduction coefficient since Davies’ coeffi-
cients were derived as modifications and extensions to Ji and Held’s
fits.

For all the SAMM simulations in the parameter scans, we used a
slightly modified version of the 2010 point design,2 setting the initial
preheat radius to a quarter of the gas radius, rather than the gas radius

so as to produce both a central “hotspot” and outer “cold-shelf” region
within the fuel.

To begin, we look at the discrepancies between the models, rela-
tive to Sadler, of the burn- and volume-averaged electron thermal con-
duction coefficient, h�j?

e i, and burn-averaged Nernst coefficient at
r ¼ rg, hb� ðr ¼ rgÞi. The bar and angle brackets denote volume and
burn averaging, respectively [see Eqs. (10) and (11)]. Except for the
magnetic flux losses, f/, the discrepancy is represented as a percent dif-
ference of the given model’s value relative to Sadler’s value for each
SAMM simulation at a given point in the (Eph, Bz0) parameter space. For
example, for h�T gi, the discrepancy is represented as Dh�T gi½%
 ¼ 100
�ðh�T giM=h�T giS � 1Þ, where the M and S subscripts correspond to
the given model and Sadler, respectively. For the flux losses, the dis-
crepancy is instead represented as a ratio Df/ ¼ f/;M=f/;S.
Discrepancies relative to Sadler are presented instead of discrepancies
relative to Braginskii because most of the averaged values (such as
h�T gi) that were found using Braginskii vary substantially from the rest
of the models which have relatively closer values. Thus comparing to
Braginskii would obscure, in Figs. 6–8, the more subtle differences
between the rest of models. As shown in Fig. 6, in many regions of the
(Eph, Bz0) parameter space, h�j?

e i and hb� ðr ¼ rgÞi vary significantly,
up to �73% and �46%, respectively. The Braginskii values generally
have the largest discrepancies relative to Sadler, throughout most of
the parameter space, while the other models, including Epperlein–
Haines, Ji–Held, and Davies, vary less than �10% relative to Sadler.
This indicates the importance of the specific fit function values at
intermediate ve, in addition to the correct limiting behavior.

As shown in Eqs. (7)–(9), the transport coefficients have a direct
impact on the electron and ion thermal conduction losses and
magnetic-flux losses, respectively. To assess this impact, we consider
h�T gi and fU across the (Eph, Bz0) space. In the h�T gi plots shown in
Figs. 7(a)–7(e), we see correlations with the transport coefficient fig-
ures as expected. That is, regions of lower h�j?

e i and hb� ðr ¼ rgÞi (rel-
ative to Sadler) generally exhibit higher h�T gi. The magnetic flux loss
discrepancies, shown in Figs. 7(f)–7(j), exhibit a qualitatively different
structure in (Eph, Bz0) space compared to the h�T gi results. Sensitivity
of fU is much larger to the choice of transport coefficients between
Sadler and Braginskii around the border in (Eph, Bz0) space between
negligible fU and significant fU [see Figs. 7(f) and 7(g)], giving discrep-
ancies of a factor of �3 in fU. This sensitivity is less pronounced for
the three other models.

We also compare the fusion yield discrepancies between the vari-
ous models relative to Sadler in Fig. 7. Figure 7(k) shows the fusion
yield in (Eph, Bz0) space for the Sadler coefficients, highlighting the
region in (Eph, Bz0) space with the optimal yield at Eph ’ 5 kJ and
Bz0 ’ 40 T. Figures 7(l)–7(o) shows the discrepancies between the
given model and Sadler, illustrating the integrated outcome of a mod-
el’s transport coefficients on the fusion yield, with discrepancies up to
�38%. Qualitatively and quantitatively similar patterns in the fusion
yield discrepancies are seen across the four models relative to Sadler.
There is close to zero discrepancy in the region of optimal yield, while
in other regions, yield discrepancies can be significantly higher or
lower. Despite the similarity of the fits between Davies and Sadler,
there are significant differences in the fusion yield, up to � 38%, at
low Bz0, again illustrating the importance of the transport coefficient
fit values themselves, besides just the form and correct limiting behav-
ior. Such discrepancies could be resolved with experiments targeting
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specific points in (Eph0, Bz0) space to determine which transport coeffi-
cient models are more accurate.

In Figs. 6 and 7, following from the discrepancies for each model
relative to Sadler in the transport coefficient values, to the h�T gi and fU
values, and finally to the yields, we see how lower (higher) transport
coefficients lead to higher (lower) averaged temperatures and less
(more) magnetic-flux losses, finally resulting in higher (lower) fusion
yields. This provides a coherent picture of how discrepancies in the
transport coefficients lead to measurable differences in a highly inte-
grated and important value like the fusion yield.

For a more-direct evaluation of the transport coefficients’ effect
on the fusion yield, we divide the ratio of the fusion yield for a given

model (YM) to the yield from Sadler (YS), RY 	 YM=YS, by the ratio of
the averaged transport coefficient for a given model [h�j?

e iM or
hb� ðr ¼ rgÞiM] to Sadler’s averaged transport coefficient [h�j?

e iS
or hb� ðr ¼ rgÞiS]: Rj 	 h�j?

e iM/h�j?
e iS or Rb 	 hb� ðr ¼ rgÞiM=

hb� ðr ¼ rgÞiS). That is, we plot RY=Rj and RY=Rb across (Eph, Bz0)
space, as shown in Fig. 8. This allows us to more-directly assess the
effect of transport coefficient discrepancies on an integrated, observ-
able value like the yield (and how that effect varies based on Eph and
Bz0). For example, if the (averaged) transport coefficient discrepancy is
some factor (say, 1:5�), then how does that discrepancy translate into
discrepancies of the fusion yield? It is shown that a given discrepancy
in a transport coefficient can have a magnified or a reduced effect on
the fusion yield (relative to Sadler), illustrating that the integrated effect
(chosen here to be indicated by the fusion yield) of the choice of trans-
port coefficients depends on the region of (Eph, Bz0) space.

For a more-focused comparison between the transport models at
just one point in (Eph, Bz0) space, we also consider a recent high-
performing MagLIF shot, Z3289, described in Ref. 10, for which Eph
¼ 1:2 kJ and Bz0 ¼ 15:9 T. This shot had a burn-weighted average ion
temperature of 3.1 keV and a yield of 1:1� 1013 DD neutrons.
Because of the large backscatter and absorption losses from the laser
propagating through the laser entrance hole (LEH) window, the pre-
heat energy coupled to the fuel is significantly less than the pre-LEH
laser energy.11,22,30 In the following SAMM simulations of experimen-
tal shots, we tune the coupled laser preheat energy, Eph, such that the
simulated primary neutron yield matches the experimental value.
Simulating Z3289 with a scaled preheat energy Eph � 450 J as just
described, for the averaged transport coefficients [i.e., h�j?

e i and
hb� ðr ¼ rgÞi], substantial discrepancies (>30%) are found between
Sadler and Braginskii. However, these transport coefficient discrepan-
cies do not translate into significant discrepancies in the flux losses and
experimental observables like the averaged gas temperature and fusion
yield, for any of the models, with discrepancies�2%. The other mod-
els have small percent discrepancies (�5%) for both the averaged
transport coefficients and f/, h�T gi, and fusion yield. Artificially scaling
up the laser preheat energy by more than a factor of �2�, only leads
to marginally higher discrepancies. Another high-performing shot,
Z2591,31 was also analyzed in this manner (a scaled preheat energy of
Eph � 200 J was found and used), and the same trend is observed.
These results illustrate how coupled preheat energies on high perform-
ing MagLIF experiments thus far are too low to drive the larger tem-
perature gradients expected to produce larger discrepancies between
the transport coefficient models. Note, however, that these experiments
used lower peak currents (�20MA) than the 2010 point design as
studied in Secs. I, IV, and V, and so are in a different regime than
shown, for example, in Fig. 7, and these simulation results are not
directly comparable to those results with the 2010 point design.

VI. CONCLUSIONS

In this article, we have analyzed the discrepancies between five
different sets of extended MHD transport coefficients using a semi-
analytic code for MagLIF. There are substantial qualitative differences
between some of the coefficients, namely, the perpendicular electro-
thermal and resistivity coefficients found by Epperlein and Haines and
Ji and Held, as a result of unphysical limiting behavior in the fitting
functions, and there are also differences in all the transport coefficients
simply due to different forms of fitting functions, leading to numerical

FIG. 6. Summary of transport coefficient discrepancies between each model and
Sadler across the (Eph, Bz0) parameter space: (a) h�j?

e i. (b) hb� ðr ¼ rgÞi. (c)–(j)
are percentage discrepancies (%) between each model and Sadler.
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discrepancies in the simulated observables. The latter kind of dis-
crepancy has been explored using extensive parameter scans in the
(Eph, Bz0) space, which show significant differences of up to 38%
in integrated values like the fusion yield, depending on the region
of (Eph, Bz0) parameter space, with discrepancies of up to 73%
between the (averaged) coefficients themselves. Given the unphys-
ical limiting behavior of the perpendicular transport coefficients

of Epperlein–Haines and Ji–Held, and extensive kinetic simulation
results of Davies and Sadler, these latest two transport coefficient
models are expected to be the most accurate. However further
experimental validation is needed. These results highlight the
need for reassessment of past results and continued consideration
of the choice of transport coefficients in extended MHD
simulations.

FIG. 7. Summary of discrepancies in time integrated quantities between each model and Sadler across the (Eph, Bz0) parameter space as result of the transport coefficient dis-
crepancies: (a) burn- and volume-averaged gas temperature, (b) magnetic-flux losses, and (c) fusion yield. (d)–(o) are percentage discrepancies (%) between each model and
Sadler. However, note that (e), (h), (k), and (n) are ratios relative to Sadler (b) and not percentages.
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MagLIF is being studied in scaled-down laser-driven configura-
tions16–24 at the OMEGA laser facility and in ignition-scale experiments
at the NIF for detailed physics studies of magnetized laser preheat.25

Magnetized gas pipe shots on NIF have been conducted at magnetic
field strengths of 0–24T and laser preheat energies of 15.2–27.2 kJ.
However, the targets utilized hydrocarbon gases mixed with spectro-
scopic dopants for diagnostic reasons, with future DD and DT shots
being planned. These platforms could serve as testbeds for experimen-
tally validating the transport coefficient models. In addition, increases to
the laser preheat energy and initial axial field strength on the Z machine
may be implemented, which would enable access to a larger region of
the (Eph, Bz0) parameter space for which to experimentally assess the
transport coefficient models. The results of this article indicate where in
(Eph, Bz0) space transport coefficient models are discrepant, and thus
may serve as a guide for experimental validation of the models. Such
experimental validation will in turn improve the predictive capability of
MHD simulation codes for MagLIF experiments and beyond.
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