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ABSTRACT

Helical magneto-Rayleigh–Taylor instability (MRTI) structures have been observed in z-pinch-driven liner implosion experiments with a
pre-imposed axial magnetic field. We show that the formation of these helical structures can be described by a Hall magnetohydrodynamical
(HMHD) model. We used the 3D extended magnetohydrodynamics simulation code PERSEUS (which includes Hall physics) [Seyler and
Martin, Phys. Plasmas 18, 012703 (2011)] to study these helical instabilities and show that a Hall interchange instability in low-density coro-
nal plasma immediately surrounding the dense liner is responsible for producing helically oriented effects in the magnetic field and current
density within the coronal layer. This seeds the helical pitch angle of the MRTI even when other proposed helical seeding mechanisms are
either not present in the experiments or not accounted for in the simulations. For example, this mechanism does not require low-density
power-feed plasmas to be swept in from large radius or the development of electrothermal instabilities. The Hall Instability is, thus, a new,
independent explanation for the origin of the helical instabilities observed in axially premagnetized liner experiments. Simulation results sup-
porting this mechanism are presented.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0103651

I. INTRODUCTION

Z-pinches have extensively been studied as a platform for Inertial
Confinement Fusion (ICF), specifically as part of the Magnetized
Liner Inertial Fusion (MagLIF)1,2 efforts on the 100-ns, 20-MA Z
machine at Sandia National Laboratories.3 MagLIF makes use of cylin-
drical metal tubes (liners) that are imploded using the strong electrical
currents produced by the Z machine. These currents are directed axi-
ally along the liner’s outer surface. This creates a J � B force density
that drives the implosion radially inward.4,5 These liners, which have
an initial radius of about 3mm, a wall thickness of about 0.5mm, and
a height of about 10mm, are unstable to the acceleration-driven mag-
neto-Rayleigh–Taylor (MRT) instability (MRTI)6–27 and to magnetic-
compression-driven instabilities such as the m¼ 0 “sausage mode,”
the m¼ 1 “kink mode,” and general m � 1 helical modes, where m is
the azimuthal mode number that also represents the number of inter-
twined helices in the instability structure.8,13,14,16 These are fast-
growing instabilities that are detrimental to implosion uniformity and,
thus, to efforts in magnetically driven ICF.1,8,12,20,22,23,25

In MagLIF, both the deuterium fuel and the liner are premag-
netized with an axial magnetic field Bz (on the order of 10 T) to limit
thermal conduction losses from the hot fuel to the cold liner. From
penetrating radiography experiments on the Z machine, the combi-
nation of the premagnetizing Bz field with the implosion-driving Bh

field was found to result in helical instability structures with
m � 6.8

To study metal liner implosion instabilities on a university-scale
pulsed power machine (�1 MA in �100ns) requires significantly less
mass in the liner. Because of this, liners are constructed by wrapping
an ultrathin sheet of metal foil (e.g., 400-nm-thick aluminum) around
a dumbbell-shaped support structure. The supported thin-foil liner is
then installed between the anode and cathode of a pulsed power
machine. Thin-foil liners of this type have been used in experiments
on the MAIZE facility at the University of Michigan11,13,14,28 and on
the COBRA facility at Cornell University.17,26 The use of thin-foil lin-
ers on MAIZE and COBRA has enabled the study of helical instability
structures like those seen in MagLIF experiments on the Z facility.
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We note that helical MRTI has also been observed in axially premag-
netized gas-puff z-pinch implosions.10

The origin of helical instabilities in axially premagnetized liner
implosions is a topic of ongoing research within the community and
has several proposed explanations ranging from low-density power-
feed plasma being swept in from large radius and compressing the
pre-imposed axial magnetic field up against the liner’s outer sur-
face15,29 to electrothermal instability (ETI) effects.8,12,28,30

In this paper, we present a new explanation for the origin of helical
instabilities in thin-foil z-pinches. We propose a form of the Hall
Instability of the interchange type that causes a series of effects including
current advection, current filamentation, and magnetic field advection.
These processes occur in a low-density coronal plasma layer that sur-
rounds the dense liner plasma. The helical perturbations that form in
the coronal plasma are found to seed the helical MRTI that eventually
develops in the dense liner plasma as the liner implodes. Importantly,
this explanation does not require low-density plasma to be present at
large radius in the power feed of the pulsed power machine. This is
important because experiments conducted at the university scale (�1
MA) have found very little plasma formation in power feeds (unless
something very deliberate is done to generate the plasma, as was done
in Ref. 31, where thick dielectric structures were covered with thin metal
foils to source significant plasma), and yet helical instability structures
still develop in axially premagnetized experiments at the 1-MA level.14

The background density in thin-foil liner and gas puff z-pinch experi-
ments on MAIZE is vacuum and is �10�5 Torr or �3� 1011 cm�3.
This is lower than the achievable density floor of the version of
PERSEUS used in this study (3� 1013 cm�3). The floor density plasma
is not allowed to move to preserve its positivity. If the floor was able to
be lowered enough to account for plasma on the order of �3� 1011

cm�3, then some small amount of flux compression might be expected.
It should be noted that as the density floor is lowered to zero, kinetic
effects within that regime will become increasingly important and even
fully two-fluid codes will be inadequate to completely capture the effects
of the plasma at that density scale. However, due to the limitations of
the minimum density floor achievable by the version of PERSEUS used
in this study, and due to the fact that PERSEUS is fundamentally a fluid
code (and not kinetic), we are unable to capture these potential effects.
Additionally, this new explanation does not require solid-metal ETI
effects, as the solid-metal state of the thin-foil liner was not modeled in
these simulations. Although this new explanation does not require low-
density plasma at large radius in the power feed (as appropriate for 1-
MA experiments), we note that at higher currents (e.g., the 30-MA Z
machine), low-density power-feed plasmas could very well be present at
large radius, and thus, they could still play an important role in the
development of helical instabilities, as shown in Ref. 15. While the simu-
lations in Ref. 15 did not have a coronal layer initialized, it is possible
that the effects were present in those simulations as well. However, as
the Hall instability effects were not known at the time of the Ref. 15
study, their relative contribution was not studied. Also, it is important to
note that the proposed Hall seeding mechanism of the present work
does not preclude the flux compression seeding mechanism of Ref. 15.
In fact, the true seeding mechanism of MagLIF liners may be a
combination of several different seeding effects. This may be true of the
thin-foil liners as well, where the Hall effects in this paper may work in
conjunction with other effects to seed the helical MRTI observed in
experiment.

For thin-foil liner implosions at the 1-MA level, the coronal
plasma layer hypothesis is further supported by the recent experimen-
tal work,32,33 where a coronal plasma layer has been found to form
around current-carrying thin-foils due to surface contaminant blow-
off and outgassing. We also note that these coronal plasma layers
could potentially form around thick-walled MagLIF liners on the Z
facility as well, due to the high current densities generated on the Z
facility.

The Hall interchange instability and its effects were explored the-
oretically in Refs. 34 and 35. The dynamics of this instability in a z-
pinch context, and how these effects may seed helical MRTI in thin-
foil liner implosions, are the subjects of this paper.

The remainder of this paper is organized as follows. In Sec. II, we
present the simulation setup. In Sec. III, we present a reduced Hall
MHD model. From this model, a theoretical dispersion relation is
derived for the Hall interchange instability. This relation is then used
to generate instability growth rate results that are compared with those
from simulations. In Sec. IV, we explore the dynamics of the coronal
plasma layer, as simulated in PERSEUS,36 and show that this coronal
layer can provide a seed for helical MRTI in the denser liner plasma.
Here, we also make the argument that a Hall Instability can explain
the behavior of the simulated coronal plasma. We use Hall Instability
theory to show that, given the simulation parameters, a Hall Instability
is expected to form. In Sec. V, we discuss various boundary condition
(BC) effects. In Sec. VI, we compare results from simulations with and
without Hall physics turned on to show that these are indeed Hall-
driven effects. In Sec. VII, we discuss some of the subtleties of our
work. In Sec. VIII, we summarize our work and provide recommenda-
tions for the future.

II. SIMULATION SETUP AND PARAMETERS

For the simulations presented herein, we used the 3D Eulerian
extended magneto-hydrodynamics (XMHD) code PERSEUS, which
was developed at Cornell University.36 The version of the code used in
this paper uses a fifth order finite volume method with a positivity pre-
serving limiter that keeps the density and pressure above the floor val-
ues.37 A buffer is used in this version of PERSEUS that is 1.01 times
the density floor. If plasma falls within this density range, then the
momentum and current are set to zero, while the energy and density
are unchanged. The energy and density are maintained in the positiv-
ity preserving limiter.37 The method is capable of handling �9 orders
of magnitude in density variation, from solid density down to the floor
value. The Hall-MHD Ohm’s law [see Eq. (6)] is solved using the
relaxation method described in Ref. 36. The divergence constraint
(r � B ¼ 0) is maintained using either divergence cleaning38 or a con-
strained transport central difference method.39

The simulations have been able to produce helical instabilities
solely from Hall physics (i.e., initial helical seeding by the user is not
required).15,16 In Fig. 1, we present the simulation setup, which
includes a plasma liner of uniform initial density and uniform initial
temperature, with a low-density coronal plasma layer immediately sur-
rounding the denser liner. The current pulse that drives the simulation
is a sine-squared pulse with a rise time of 200ns and a peak current of
600 kA.

We have attempted to match the conditions of university-scale
thin-foil experiments as much as possible. However, due to the
computational challenges of properly resolving the ablation of a
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400-nm-thick aluminum foil liner, we have opted to start our simula-
tions 25 ns into the current pulse, at which point the liner has already
ablated into a 1-eV liner plasma of 250-m thickness (though from 0 to
25 ns we allow the fields to evolve while holding the plasma motion-
less). These post-ablated conditions come from the results of highly
resolved HYDRA simulations conducted previously to study the early-
time foil ablation process in detail.40 We use these post-ablated condi-
tions as the initial conditions for our PERSEUS simulations. These
post-ablated initial conditions, as well as the effects of the on-axis plas-
tic support rod (which is necessary to support the thin-foil liners in
experiments), are discussed in further detail in Ref. 16.

Immediately surrounding the liner plasma is a low-density coro-
nal plasma layer, initialized with a thickness of 1mm, a temperature of
5 eV, and a density of 6� 1014 cm�3, which is 20� the density floor
in PERSEUS. Between the coronal layer and the liner plasma are two
single cell layers that step the density down from the liner plasma den-
sity to the coronal density to prevent numerical effects from sharp
density gradients. This coronal layer heats rapidly to a few hundred
eV within �10ns. These plasma parameters lead to the following
length and time scales, which show that the coronal plasma is well
within a Hall physics regime. The characteristic scale length
is k � k�1 � 0:25 cm, while the collisionless ion skin depth is
li ¼ c

xpi
� 10 cm. This is consistent with plasma in a Hall regime.

As for the relevant times scales, the characteristic timescale is
s � x�1 < 60 ns, the ion gyro period is sci � X�1ci � 300 ns, where
we must have x > Xci ¼ ZeB

mic
for Hall physics to be relevant. The elec-

tron cyclotron period is x�1ce ¼ ð eBmec
Þ�1 � 0:02 ns and the collision

time is �e ¼ 2:91� 10�6 ne lnK
T3=2
e

� �
� 0:1 ns. These time scales are

also consistent with a plasma in a Hall physics dominated regime.

The dynamics of this coronal plasma layer, including its ability to seed
helical MRTI, is the subject of this paper.

Each PERSEUS simulation included over 7 million cells, with cell
sizes of approximately 62.5� 62.5� 32 lm3, for a total simulation vol-
ume of 14� 14� 6.125mm3. The simulations were run on 64 cores
on the Great Lakes computing clusters at the University of Michigan.
The simulated temporal extent was 250ns, with time steps on the
order of one picosecond. Multiple conductivity models were used,
including an approximation to the Lee–More–Desjarlais resistivity
model,41 a Spitzer model, a constant conductivity model, and a zero
resistivity model. There is non-negligible numerical resistivity that will
allow some penetration of magnetic field into the liner even in the
absence of an applied resistivity (this is typical of simulation codes and
cannot be easily avoided). It was found that the choice of conductivity
model had negligible impact on the Hall instability effects discussed in
this paper. Electron velocities are limited through electron inertia;
however, this was found to not have significant impact on the behavior
of the Hall instability structures. This will be discussed further in Sec.
VII. In total, each simulation required upwards of 60 wall-clock hours
to run. A random density perturbation of less than 1% was applied to
the liner cells and to the corona cells to seed instability growth. A 2-T
axial magnetic field was applied throughout the simulation volume ini-
tially (and maintained at the radial boundary for the duration of the
simulation) to match the previous university-scale premagnetized z-
pinch experiments.14

III. HALL-MHD MODEL AND REDUCED MODEL

For a theoretical description of the instability, we derive a local
dispersion relation from a reduced Hall-MHD model. This type of
analysis is explored in a similar context in Refs. 34 and 35. As dis-
cussed previously, PERSEUS includes Hall physics through the Hall

FIG. 1. Initial conditions of the simulation
setup that shows the coronal layer
(6� 1014 cm�3) and the liner plasma
(3� 1019 cm�3). Two single cell layers
between the liner plasma and coronal
plasma are included to help step the den-
sity down and reduce the sharp density
gradient. A uniform 2-T axial magnetic
field is applied throughout the simulation
volume.
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term in the generalized Ohm’s law (GOL), which is the third term on
the LHS of Eq. (6). The Hall term is necessary to observe the effects
discussed in this paper. The Hall-MHD model that will be used for
this analysis is as follows:

@tnþr � ðnuÞ ¼ 0; (1)

@tðquÞ þ r � ðquuþ pÞ ¼ J� B; (2)

@teþr � uðeþ pÞ½ � ¼ J � E; (3)

@tB ¼ �r� E; (4)

r� B ¼ l0J; (5)

Eþ u� B� 1
ne

J� B� gJ ¼ 0; (6)

where e ¼ 1
2qu

2 þ p=ðc� 1Þ is the internal energy density, and we
have assumed the average ionization is one (Z¼ 3). Equations (1)–(3)
are the continuity equations for mass, momentum, and energy, respec-
tively, while Eqs. (4) and (5) are Faraday’s and Ampère’s laws, respec-
tively. Equation (6) is the generalized Ohm’s law with the Hall term
included. The variables u, J, E, B, q, n, and p are the fluid velocity, cur-
rent density, electric field, magnetic field, mass density, number den-
sity, and material pressure, respectively.

For theoretical analysis, it is convenient to use a reduced descrip-
tion of the full HMHD equations given by Eqs. (1)–(6). The reduced
description of these equations is an asymptotic analysis in which the
constant equilibrium axial field B0 is much larger than either the per-
turbed axial field or the transverse field, i.e., B0 	 Bz and B0 	 B?.
We take @z 
r?, meaning that the perturbations in the axial direc-
tion are much smaller than the perturbations in the perpendicular
direction, which is consistent with the previous assumption, so that
B0@z � B? � r?. The mass velocity is taken to be small but not zero.
The pressure perturbations are assumed to be zero, as is the plasma
resistivity. We choose to set the resistivity to zero to simplify the deri-
vation. It is also found that the resistivity term does not have an appre-
ciable effect on the simulated growth rate. This is not unexpected due
to the low density of the coronal plasma and that it is well within the
Hall regime in which the Hall parameter is large. The most familiar
application of this scaling leads to the so-called reduced MHD equa-
tions, sometimes called the Strauss equations.42 The application here is
to the Hall-MHD equations in the frequency range between the ion
and electron cyclotron frequencies. The high-frequency reduced Hall-
MHD model, applicable to plasma motion faster than the ion gyrofre-
quency and slower than the electron gyrofrequency, consists of the
following equations:34,35

@t/ ¼
1

n0el0

�
ðẑ �rwÞ � rr2

?wþ B0@zr2
?w

þB0r2
?vþ B0

n0
ðẑ �rnÞ � r/

�
; (7)

@tw ¼
1

n0el0
ðẑ �rwÞ � r/þ B0@z/½ �; (8)

@tv ¼ �
B0

q0l0
/; (9)

@tnþ n0r2
?v ¼ 0; (10)

where / ¼ dBz is the perturbed axial magnetic field, w is the magnetic
flux function, from which B? ¼ ẑ �rw, and v is the velocity

potential. For high frequencies, the velocity is completely compressible
such that u? ¼ r?v. Equations (7) and (8) are derived from
Faraday’s law using the Hall-MHD Ohm’s law [Eq. (6)]. Equation (9)
is the linearized momentum equation for purely compressible modes,
and Eq. (10) is the continuity equation for purely compressible
motion. The reduced equations are adequate for analyzing the stability
about an equilibrium satisfying the stated approximations.

A. Local linear analysis

These equations can be linearized about a slab equilibrium
with B0zðxÞ ¼ B0 þ /0ðxÞ; n0ðxÞ (i.e., a density profile in x), and
B0yðxÞ ¼ w00ðxÞ, where the prime means differentiation with respect
to the argument. Additionally, a space–time dependence that is consis-
tent with local analysis can be assumed for the equilibrium and pertur-
bation fields (the terms with d in the equations below) such that the
perturbation fields do not have any dependence on x

Bzðx; y; z; tÞ ¼ B0 þ /0ðxÞ þ d/ exp iðkyy þ kzz � xtÞ
� �

; (11)

B?ðx; y; z; tÞ ¼ B0yðxÞ þ dw exp iðkyy þ kzz � xtÞ
� �

; (12)

vðx; y; z; tÞ ¼ dv exp iðkyy þ kzz � xtÞ
� �

; (13)

nðx; y; z; tÞ ¼ n0ðxÞ þ dn exp iðkyy þ kzz � xtÞ
� �

: (14)

The linearized form of this reduced model is then

�ixd/ ¼ 1
n0el0

�
� ik3ydww00ðxÞ � ikzk

2
yB0dwþ w0000

þB0ð�k2yÞdvþ B0

n0
ðn00ðxÞikyd/� ikydn/

0
0ðxÞdnÞ

�
;

(15)

�ixdw ¼ 1
n0el0

ikydw/00ðxÞ þ ikyd/w00ðxÞ þ ikzB0d/
� �

; (16)

�ixdv ¼ �B0

q0l0
d/; (17)

�ixdnþ n0ð�k2yÞdv ¼ 0: (18)

Combining and solving Eqs. (15)–(18) gives the local dispersion
relation

x2 ðx� xHÞðx� x0Þ � k2r2
� �

� k2v2Aðx2 � x2
HÞ ¼ 0; (19)

where v2A ¼ B2
0=q0l0 (vA is the Alfv�en speed), k ¼ ky, x0

¼ k B0n00
n20el0

; xH ¼ k /00
n0el0

; r � ½kB0yðxÞ þ jB0�=ðn0el0Þ, and j ¼ kz .

This gives unstable solutions, requiring xH to be non-zero. Note that
this instability requires a gradient in the axial magnetic field. The den-
sity gradient can work to either make the growth rate larger or smaller
depending on whether the density gradient is the same or opposite
sign to the magnetic field at the same local radius. This means that the
maximal growth rate occurs where the density falls off rapidly
(n00 < 0) and the axial magnetic field gradient has B0z < 0.

Note that this Hall interchange instability differs from other Hall
instabilities, such as those explored by Kolberg, Liverts, and Mond.43,44

The form of the Hall instability studied in their work manifested as a
magnetic field aligned density bunching. The Hall interchange insta-
bility explored in this paper produces different effects, namely, the
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advection of current and magnetic fields. This will be explored in detail
in the following sections.

B. Simulation of the Hall interchange instability

In this subsection, we set up a simple slab equilibrium and test
the instability relation in Eq. (19) through a simulation that does not
have the added complications of magnetic curvature or of being driven
into non-equilibrium by a time-dependent azimuthal magnetic field at
the boundary. In this simple simulation, the boundary conditions are
conducting at the x boundaries and periodic in y and z. We initialize
piece-wise constant and linear profiles in B(x) and n(x). There is no
applied resistivity or electron inertia.

We initialize the simulation with Bz, By, and a pressure P ¼ nT
satisfying force balance PðxÞ þ 1

2l0
B2ðxÞ ¼ const: in a box of dimen-

sions ðLx; Ly; LzÞ ¼ ð7:0; 7:0; 6:125Þ mm and (150, 150, 130) cells in
the x, y, and z directions. This gives a resolution of Dx ¼ 0:047 mm.
The density profile is n0ðxÞ ¼ n1 for x � �2Dx; n0ðxÞ ¼ n1ð2Dx
�xÞ=ð4DxÞ for �2Dx < x < 2Dx, and n0ðxÞ ¼ nfloor for x � 2Dx,
where n1 ¼ 11nfloor at a temperature of 10 eV. The magnetic field
is BzðxÞ ¼ 3 T for x � �2Dx; BzðxÞ ¼ 3ð2Dx � xÞ=ð4DxÞ T for

x � 2Dx and BzðxÞ ¼ 2T for x � 2Dx. The y-component is deter-
mined by pressure balance. There is also a random per cell perturba-
tion in By of 0.0005T.

The results are shown in Figs. 2 and 3. After a brief initial period
of transient behavior due to the mismatch of the discretized profiles
with continuum force balance, the plasma settles into an equilibrium
shown in the rightmost plots of Fig. 2 for the y and z components of
the magnetic field and the density. After a few e-folding times, the fast-
est growing global eigenmode emerges from the random noise. The
form of the eigenmode for Bx is the double-peaked red solid curve in
Fig. 2, which has been amplified by 50 times for plotting on the same
scale as the equilibrium fields. The eigenmode was observed to
undergo an e-folding in approximately one nanosecond for a growth
rate of c � 109 s�1. The result from solving Eq. (19) at the x¼ 0 loca-
tion gives a real frequency much smaller than the growth rate with
c � 0:64� 109 s�1, which is of the order of the simulation growth
rate. We do not consider this discrepancy significant given that the
model has assumptions that tend to lower the growth rate from that of
the simulation. In particular, the model underestimates xH, since it
does not include the axial electron drift due to the gradient in By. If the

FIG. 2. Plots of the Hall interchange instability in the linear phase at 10 ns. On the left are Bx plots, where the upper plot is Bx on a density isosurface of 3� 1020 m�3 showing
the oblique perturbation approximately parallel to the equilibrium magnetic field. The lower plot is in the x–y plane. The right plots are line-out plots through the peak of Bx.
These show the equilibrium BzðxÞ; ByðxÞ, and n0ðxÞ. The Bx field is also shown at a magnification of 50� to show the eigenmode structure of the instability. The magnetic
field units is tesla and the density is m�3. The simulation domain shown is 7� 7� 6:125 mm3.
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By gradient drift is included in the calculation of xH, then the growth
rate becomes c � 0:95� 109 s�1, which is much closer to the simula-
tion value. Even with this modification we should not expect strong
agreement given the somewhat poor approximation of a localized
eigenmode.

In Fig. 3, plots of the parallel current Jk and Bx at a late time
when nonlinearity is dominant are shown. The current has evolved
into cylindrical filaments and the density into ribbon-like filaments
(not shown). As we will demonstrate in Sec. IV for the full driven
cylindrical liner simulation, the filamented current can penetrate into
the dense liner plasma and provide a helical seed for the MRT. No
instability was observed for an ideal MHD simulation using the same
setup, which is consistent with the known results.

IV. HALL INTERCHANGE INSTABILITY AS A SEED
FOR HELICAL MRTI

In an Ideal-MHD context, an interchange instability manifests as
magnetic field and plasma trading position, which is localized by mag-
netic shear and driven by a combination of magnetic curvature and
plasma pressure. In the absence of magnetic curvature, the Hall term
can drive an interchange instability through electron drifts. With the
Hall term, the interchange instability leads to several effects. One of
the major effects is that the current is advected into filaments as we
noted in the simulations presented in Sec. III. This is driven by mag-
netic energy release. The result is that helical striations form in the

coronal plasma that surrounds the dense liner plasma. These coronal
striations then imprint on the underlying dense liner plasma. In addi-
tion, the current is strongly force-free, meaning it is aligned with the
magnetic field, and it stays nearly force-free well into the implosion
(>185ns). The magnetic field also maintains its helicity in large part
because of the force-free current being helical as well. The result of the
force-free current is that there is a significant amount of azimuthal
current, which leads to axial flux amplification. This adds more axial
magnetic field helping to maintain the magnetic field helicity, which
also leads to seeding of helical MRTI. The axial magnetic field is ampli-
fied by a factor of �8� over the course of the current pulse rise time.
The force-free currents can be seen in Fig. 4, at 185 ns into the current
pulse, where the magnetic field lines are traced in blue, the current is
traced in red, and the dense liner plasma is shown at an iso-density
surface (1024 m�3) with helical MRTI clearly formed.

The interchange instability strongly influences the flow of cur-
rents in the coronal plasma. This leads to a helical perturbation in the
azimuthal current that is magnetic field aligned. This perturbation
grows quickly and maintains its helical pitch as the magnetic field
remains relatively helical due to flux amplification from the azimuthal
component of the helical current. The perturbation in the azimuthal
component of the current density is shown in Fig. 5.

To demonstrate how the perturbations in the current within the
coronal plasma layer lead to seeding of the MRTI structures on the
liner plasma, Figs. 6 and 7 are shown, which consist of several slices of
the full 3D data at several time steps. In these figures, a transparent
iso-density slice of the liner plasma (of density 1023 m�3) is overlaid
on top of plots of the azimuthal (Fig. 6) and radial (Fig. 7) components
of the current density. This shows how the perturbations in the coro-
nal layer embed into the liner plasma and work to seed the wavelength
and mode number of the MRTI structures. In Fig. 6, the perturbations
in current in the coronal layer embed into the liner plasma, and at
170 ns, where the MRTI structures are outlined on the outer surface of
the liner plasma, the current perturbations correlate directly with the
MRT instability lobes. The Hall interchange instability drives these

FIG. 3. Plots of Bx and Jk in the nonlinear phase. Note that the current has fila-
mented and Bx has a form consistent with the filamented current. The simulation
domain shown is 7� 7� 6:125 mm3.

FIG. 4. Helical MRTI forming in the dense liner plasma 185 ns into the current
pulse. The iso-density surface shown is for 1024 m�3. Magnetic field lines are
traced in blue and current density streamlines are traced in red. The plasma column
shown is 6 mm tall and has imploded to near stagnation and is �3mm in diameter.
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current perturbations early in the coronal plasma current and forms
within the first 50 ns of the simulation.

A growth rate for the observed instability is determined by taking
an axial line-out through the coronal plasma layer of the azimuthal
current bunches and measuring the perturbation amplitude. The
growth rate from this analysis is found to be 0.16 0.02 ns�1. We find
that good agreement with the observed result is obtained if we use
B0 ¼ 2 T, n0 ¼ 6� 1020 m�3, k¼ 0.4mm�1, and a gradient length of
Lg ¼ ½B0zðxÞ=Bz��1 ¼ 1 mm, the dispersion relation in Eq. (19) gives
growth rates of approximately 0.12 ns�1. The reasons for the

significantly lower growth rate for the experimental simulation com-
pared to the slab simulation is due to lower vA and k and larger Lg for
the experimental case. Comparing this with the growth rate c for
MRTI, which for thin-foil liner implosions on the MAIZE facility was
found to be�30 ls�1 in simulations16 and�10 ls�1 in experiments.13

This corresponds to growth times of s ¼ 1=c ¼ 33 and 100ns,
respectively.

The theoretical growth rate is highly dependent on the initial
magnetic field, the coronal plasma density, and the axial wave number.
Stronger magnetic field and lower density lead to faster growth rate. A
two order of magnitude decrease in density leads to an order of magni-
tude faster growth rate, while an order of magnitude increase in mag-
netic field leads to a similar increase in the growth rate. It should be
noted that local analysis, which was used to determine the simulated
growth rate, often overestimates instability growth rates. A plot of this
growth rate is shown in Fig. 8. The error bars are determined by one
standard deviation in the instability amplitudes at each time step. Note
that there is a steep drop off in the growth rate at>75ns. This is likely
due to nonlinear saturation of the interchange instability or to other
slower growing instabilities like MRTI becoming dominant and dis-
rupting the interchange instability.

In Fig. 9, the instability’s axial wave number is plotted. This wave
number evolves very quickly to an almost constant value, once the
plasma is allowed to move during post-ablation times (i.e.,>25ns into
the current pulse, as discussed in Sec. II). This wave number remains
relatively constant while the Hall interchange instability is still the
dominant instability effect.

Note that for this growth rate analysis, the resistivity in the simu-
lation was set to zero throughout. This was done due to the fact that
the theoretical analysis and theoretical growth rate were determined
assuming zero resistivity. It was found that changing the conductivity
model from a coupled Lee–More–Desjarlais and Spitzer model to a

FIG. 6. (a)–(f) Perturbation in the azimuthal component of the current density, plotted with an iso-density surface slice of the liner plasma (1023 m�3) at six time steps to show
the process of the perturbations forming in the coronal layer and embedding into the dense liner plasma. These images are in the x–z plane with the cylindrical axis of symme-
try being the right edge of each image, while the outer simulation boundary is the left edge of the images. The section of the liner plasma shown is only 2 mm tall and the image
covers 5mm in the x-axis.

FIG. 5. Helical perturbation in the azimuthal component of the current density, plot-
ted on an iso-density surface (1024 m�3) at 75 ns. This highlights one of the pertur-
bation effects of the Hall interchange instability, which leads to helical formations in
the current density along the liner’s outer surface. At this time step, the liner shown
is 6 mm tall and has not imploded so its radius is still 3.5 mm.
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constant value of zero resistivity had little effect on the Hall instability
dynamics.

Electron inertia terms were included in some simulations to pro-
vide a limiting mechanism for electron velocities, but it was found that
the inertia terms had no discernible effect on the Hall instability
dynamics compared to a limiting method using a static limiter term.
In either case, the electron velocities never exceeded the speed of light.

V. BOUNDARY CONDITION EFFECTS

An important factor that determines the dynamics of the coronal
layer, and therefore, the dynamics of the liner implosion, is the choice
of boundary condition on the upper and lower z boundaries. We con-
sider two boundary conditions in this work, namely, periodic and
open boundaries.

Periodic boundary conditions lead to reduced Hall instability
effects as compared to an open boundary condition. This is due in part
to the periodic boundary condition leading to the compression of the
coronal layer onto the liner’s outer surface faster than what is seen in an
open boundary simulation. This is in large part due to periodic bound-
ary conditions on the lower and upper z boundaries not allowing azi-
muthal flux to leave through the boundary. This prevents several effects

that would lead to axial flux amplification, which in turn leads to the
coronal layer being compressed by J� B forces within the first 50ns of
the simulation. The consequence is that Hall effects are not able to
establish in the coronal layer before its compression and, therefore, do
not have the requisite time to seed helical MRTI in the liner plasma.

When an open boundary condition is implemented on the axial
boundaries, azimuthal flux (and, therefore, EM energy) is able to leave
the simulation domain by outflow, which allows for the amplification
of axial magnetic flux. This effect was studied in 2D by Seyler in the
context of gas-puff z-pinches.45 In those gas-puff simulations, it was
found that the choice of boundary condition was imperative to pro-
ducing an increase in Bz, due to use of a Poynting outflow boundary
condition. The outflowing EM energy increased the Hall driven effects,
which led to force-free current shells producing additional axial mag-
netic flux. The driving factor of this effect is the conductivity tensor
derived from inverting the GOL: J ¼ %r � ðEþ u� BÞ. This is an effect
of including the Hall term. The parallel term (with respect to the mag-
netic field) in the conductivity tensor is the most conducting, and
therefore, it leads to currents flowing along magnetic field lines. For
strongly magnetized electrons, the total current, which is generally
force free, is approximately:

FIG. 7. (a)–(d) Perturbation in the radial component of current density, plotted on a 2D slice from the simulation volume. Overlaid are semi-transparent iso-density surfaces of
the dense liner plasma (1023 m�3). Images from four different times are presented to illustrate the process of the perturbations forming in the coronal layer and extending into
the dense liner plasma. The dimensions of each image are 6mm tall by 8 mm and show the y–z plane.

Physics of Plasmas ARTICLE scitation.org/journal/php

Phys. Plasmas 29, 122701 (2022); doi: 10.1063/5.0103651 29, 122701-8

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/php


J ¼ B
BzEz
B2g

: (20)

More generally this current is J ¼ b̂b̂ � E=g, where b̂ is the unit vector
in the direction of the magnetic field. If this current exists in a small
sheath region, then outside this current sheath, there will be only azi-
muthal field, and inside this sheath, there will be only axial field. This
is indeed what was observed in Ref. 45. A consequence of the loss of
azimuthal flux and increase in axial flux was a reduction in the

implosion of the gas puff due to the increase in axial magnetic pres-
sure. This effect was only seen when the Hall term was included in the
GOL. The hallmark of this effect was the establishment of a long-lived
shell of current in the low density plasma surrounding the gas-puff at
large radii. For the 3D thin-foil simulations presented here, a similar
current effect is observed early in the simulation. This current effect is
shown in Fig. 10, where the azimuthal current component is plotted
on a 2D slice of the 3D data at 50 ns. One difference between the 3D
thin-foil liner simulations presented here in this paper and the 2D gas
puff simulations presented in Ref. 45 is that the current filament in
this work does not have the same stability as the one observed in the
gas-puff simulations. In Fig. 10, at the top of the simulation, the fila-
ment is already being dispersed at 50 ns. It is not observed in the thin-
foil simulation beyond �80ns. This difference is due to the use of the
Poynting outflow boundary condition in the gas-puff simulations of
Ref. 45, which leads to more outflow of the azimuthal flux as com-
pared with the outflow boundary conditions used here. A Poynting
outflow boundary condition (BC) applies a gradient at the boundary.
This draws more EM energy out of the simulation volume, as com-
pared to that drawn by an outflow BC that does not have the gradient
applied (but which still allows EM energy to leave the simulation vol-
ume). The thin-foil simulations shown here implemented an outflow
axial boundary condition with no gradient applied. The correct axial
boundary condition for the thin-foil z-pinch liner is difficult to know
and would require careful experimental work. For example, experi-
ments could be conducted with different electrode options, such as an
anode mesh (as in typical gas-puff experiments45) a solid anode close
to the top of the imploding liner (as in MagLIF experiments2) or a
solid anode far above the top of the imploding liner (as in thin-foil
experiments on MAIZE14).

VI. COMPARISON OF HALL-MHD AND MHD

One of the capabilities of PERSEUS is that it is easy to switch
Hall physics on and off. This allows for direct comparisons of

FIG. 8. Plot of the azimuthal current density perturbation amplitude growth rate.
The amplitude was taken by an axial line-out through the coronal plasma subject to
the Hall interchange instability. The growth rate found from this analysis compares
very closely to the growth rate predicted by theory. The error bars are determined
from one standard deviation in the perturbation amplitude.

FIG. 9. Plot of the axial wave number of the perturbation in the azimuthal current
density. The wave number is set within a few nanoseconds of the simulation and
remains fairly constant throughout the period when the interchange instability is still
the most important instability (� 80 ns).

FIG. 10. Plot of a 2D slice of Jh from a 3D simulation of a thin-foil z-pinch with
open outflow boundary conditions on the upper and lower z boundaries at 50 ns.
The Hall instability bunching of Jh in the coronal layer is evident. Also evident is the
filament of Jh discussed in the gas-puff z-pinch simulations of Ref. 45. The simula-
tion space shown in this image is 6 mm tall by 14 mm in the y–z plane.
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simulations of the coronal layer with and without Hall physics
included. This section presents a series of comparisons to demonstrate
that Hall physics is necessary to see the effects discussed in this paper.
Note that the only difference in the two simulations is whether the
Hall term is included. All other aspects of the simulations are the
same, including the density floor.

In Fig. 11, a series of comparison images of the azimuthal compo-
nent of the current density at 75 and 100ns is presented. The first four
images [Figs. 11(a)–11(d)] are 2D slices from full 3D simulations,
which show that when Hall physics is included, the characteristic per-
turbations in azimuthal current are present, and when Hall physics is
omitted, these perturbations are not present. Figures 11(a) and 11(b)
show a side-on view of the azimuthal current density in the coronal
layer at 75 ns. The liner plasma is represented as a transparent gray
iso-density slice (1024 m�3), similar to Figs. 6 and 7. At this time step,
the liner plasma has not begun to implode. In the MHD case [Fig.
11(b)], the azimuthal current lacks the regular bunching in the coronal
layer that is the result of the Hall instability. By contrast, this regular
bunching in the coronal layer is seen in the simulations that include
the Hall term in the generalized Ohm’s law [Fig. 11(a)].

To show how the Hall interchange instability affects the current
density on the surface of the liner plasma, Figs. 11(e) and 11(f) are pre-
sented, both of which show iso-density surfaces of 1024 m�3 and azi-
muthal current density at 100 ns. In the MHD case [Fig. 11(f)], there is
no pattern to the azimuthal current density, while in the case with Hall
physics [Fig. 11(e)], there is a clear regular helical pattern on the liner’s
outer-surface. When Hall physics is included, the Hall instability in
the coronal layer leads to this helical pattern on the liner’s outer sur-
face, which can then provide a seed for the helical MRTI discussed
throughout this paper.

Another important aspect to the interchange instability (driven
by the Hall term) is its adherence to a helical force-free configuration
of the current and magnetic field. To demonstrate this, Fig. 12 is pre-
sented, with magnetic field and current density streamlines traced
around the liner at a time of 100ns into the current pulse. As dis-
cussed, when Hall physics is included, current filaments are produced
and are seen in the current traces of Fig. 12, which shows a switch-
back like feature. The switch-back feature is a consequence of the
streamline tracing interpolator trying to properly capture the fila-
ments. This feature is not seen in simulations that do not include Hall
physics.

Due to the lack of Hall instability effects in the MHD case, helical
MRTI structures are not observed. The MRT instability is azimuthally
correlated, as is the magnetic field, after �160ns. When Hall physics
is included, the MRTI structures are very helical, as seen in Fig. 4. This
dependence on including Hall physics to produce helical MRTI struc-
tures was also seen in our previous simulations of thin-foil liner z-
pinches.16

VII. DISCUSSION

As discussed in Sec. III, the Hall interchange instability is not
dependent on the resistive term in the GOL. This means that the con-
ductivity model is relatively unimportant to the development of the
instability perturbations observed in the coronal plasma layer. This
has been confirmed by using several different conductivity models.
These efforts found no qualitative differences in the Hall instability
effects.

Additionally, the electron inertia terms are unimportant for the
development and dynamics of the Hall instability. This was deter-
mined by running PERSEUS simulations with electron velocities lim-
ited by either an artificial limiting term or by the inclusion of the
electron inertia terms. The effects in both cases were the same. That
said, it is important to limit the electron velocities so that they do not
exceed the speed of light; otherwise, nonphysical instability structures
and effects takeover.

Simulations were also run where the starting density of the coronal
layer was increased by a factor of 10, and the Hall effects were not seen.
This is due to the fact that the Hall term in the GOL has an inverse rela-
tion to density; thus, the Hall term has its strongest effect (relative to
resistive effects) in low-density plasmas. To observe the effects described
in this paper, it is necessary to achieve as low of a density floor as possi-
ble. PERSEUS’s capabilities in modeling 9–10 orders of magnitude in
density allows it to achieve a low enough density floor for the Hall
effects to occur within the coronal plasma layer. PERSEUS simulations
were run in which the coronal plasma layer was non-existent or was
compressed against the liner within the first few time steps. In these
simulations, the Hall instability effects were not present, as there was no
coronal plasma layer. As a result, the liner plasma did not produce heli-
cal MRTI as it imploded; instead, the MRTI structures were azimuthal.
A key aspect that determines the preservation of the coronal layer is the
choice of the fast wave speed within the flux routine of the code. In the
version of PERSEUS used in this study, a flux solver is implemented as
described by Batten et al.,46 where the fast wave speed was set to be the
Alfv�en speed plus the ion sound speed. If this value was set to be just
the ion sound speed, the coronal layer was not preserved. The choice of
the fast wave speed determines if the outer surface of the liner plasma
has a pseudo-ablation effect that allows the coronal layer to persist
around the liner plasma. This phenomenon is not exactly physical in
the code, but it captures the effects of the coronal plasma that are
known to occur in experiment.33 Modeling the true physical mecha-
nisms involved with the coronal plasma formation is beyond the capa-
bilities of PERSEUS and may require kinetic modeling (e.g., to model
electrical breakdown and surface flashover). Additionally, to model the
ablation physics properly would require very detailed conductivity and
equation of state models as well as extremely high grid resolution to
properly describe the 400-nm-thick foil. That said, the Hall effects that
then occur in the coronal plasma layer are well within the scope of
PERSEUS’ capabilities.

An instability in the same growth rate range as the Hall instabil-
ity, which should be discussed here, is the lower-hybrid drift instability
(LHDI),47–49 which gives rise to robust anomalous transport effects
when the perpendicular electron drift velocity is near or exceeds the
thermal ion speed [i.e., j?=ðenevtiÞ� 1]. In the simulations presented,
this ratio is found to be of order one in the coronal plasma. In the
coronal plasma just outside of the liner plasma, which produces the
instability effects discussed in this paper, the ratio of perpendicular
electron drift velocity to ion thermal speed is somewhat lower sugges-
ting that the Hall instability is still the dominant effect since the Hall
instability can be driven solely by the parallel current. We are currently
working on an implementation of anomalous resistivity in PERSEUS
to further explore the effect of LHDI; however, the version of
PERSEUS used in this study was not capable of addressing the specif-
ics of the LHDI, and a thorough detailed study is beyond the scope of
this paper and must be left to the future work.
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FIG. 11. (a)–(d) Plots of the azimuthal current density from 2D slices (6� 6mm2) of the full 3D simulations in the y–z plane at 75 and 100 ns with Hall physics included (a) and
(c) and with Hall physics omitted (b) and (d). These images also have a partially transparent gray iso-density slice (1024 m�3) overlaid to show the liner plasma for reference.
The cylindrical axis of symmetry (centerline) is the rightmost edge of these first four images. The images that lack Hall physics (b) and (d) show that current density bunching
(a Hall instability effect) does not occur. When Hall physics is included (a) and (c), the perturbations in the current density within the coronal plasma layer are evident. The dis-
parity between Hall MHD and MHD simulations is further highlighted in images (e) and (f), which show isodensity surfaces of 1024 m�3 (the liner is 6 mm tall by �3.5 mm in
radius) from 3D simulations with Hall physics included and omitted, respectively. In (e), the helical striations driven by the Hall interchange instability are present, while they are
not present in (f) due to the lack of Hall physics.
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VIII. SUMMARY, CONCLUSIONS, AND FUTURE WORK

In this paper, we have demonstrated a new, independent seeding
mechanism for helical MRTI in thin-foil liner z-pinch implosions,
which is driven by Hall physics effects. Several explanations for seed-
ing mechanisms have been proposed for the thick-walled liner z-pinch
implosions studied on the Z facility at Sandia National Laboratories.
However, many of these explanations are not applicable to the
university-scale (�1-MA) thin-foil liners that were studied for this
work. For example, it has been proposed15,29 that the helical MRTI
observed in MagLIF implosions on Z is the result of low-density
plasma being produced in the anode–cathode gaps of the 20-MA Z-
machine. Prior to the implosion of the liner, this low-density plasma
in the anode–cathode gap implodes onto the liner’s outer surface.
Embedded in this low-density plasma is the pre-imposed Bz field.
Thus, the Bz flux is compressed up against the liner’s outer surface,
thereby amplifying Bz and increasing the ratio of Bz=Bh at the liner’s
outer surface. However, recent university experiments have found that
very little plasma is produced in the anode–cathode gaps of smaller, 1-
MA machines without doing something very deliberate to produce the
plasma.31 Yet, thin-foil liner z-pinch implosions on MAIZE still
develop helical instabilities.14 Thus, another mechanism must be
responsible for the helical MRTI, at least for thin-foil liner implosions
on smaller, 1-MAmachines.

A second seeding mechanism that is thought to play a significant
role in the seeding of helical MRTI in MagLIF implosions on Z is the
electro-thermal instability (ETI). However, this instability seeding
mechanism is not accounted for in the PERSEUS simulations presented
herein, because PERSEUS lacks the requisite material and conductivity
models. Thus, in these PERSEUS simulations, it is the Hall instability
and Hall effects that produce the helical MRTI structures observed.

We have shown that a Hall interchange instability in the low-
density coronal plasma that surrounds a thin-foil liner during an elec-
trical discharge is responsible for several mechanisms that lead to the

seeding of helical MRTI. These mechanisms include current advection,
magnetic field effects, and a prolonged force-free configuration of the
current and magnetic field. We have also derived a new analytic result
for the Hall interchange instability, based on a reduced Hall-MHD
model, which shows good agreement with the simulated liner results.
It was found that the growth rate for the Hall interchange instability,
derived from our analytic work (0.126 0.05 ns�1), matched the
growth rate found in simulation (0.16 0.02 ns�1) quite closely. It has
also been shown that Hall physics is required to produce these effects.

Detailed experimental work will be needed to determine the
interplay of the Hall interchange instability and other effects in the
seeding of helical MRTI. In future simulations and experiments, it
will be important to understand how the coronal plasma layer is
formed and maintained. Along with this, electro-thermal instability
effects are beyond the current capabilities of PERSEUS, as it is
extremely difficult to properly resolve the phase transitions of the
thin aluminum foil from solid metal to low-density plasma. Doing
so will require more robust conductivity models and/or kinetic
models.
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FIG. 12. Plot from a simulation including Hall MHD of the liner plasma at an iso-
density surface of 1023 m�3 with magnetic field traced in blue and current density
traced in red at 100 ns. The current is helical and generally force-free due to effects
from the Hall term. Note also that the current traces have a switch-back like feature,
which is due to the current filaments created by the Hall instability. The liner is
6 mm tall by �3.5 mm in radius at this time.
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