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We study the electric field distribution and current emission in a miniaturized geometrical diode.

Using Schwarz-Christoffel transformation, we calculate exactly the electric field inside a finite vac-

uum cathode-anode (A-K) gap with a single trapezoid protrusion on one of the electrode surfaces.

It is found that there is a strong field enhancement on both electrodes near the protrusion, when the

ratio of the A-K gap distance to the protrusion height d=h < 2: The calculations are spot checked

against COMSOL simulations. We calculate the effective field enhancement factor for the field

emission current, by integrating the local Fowler-Nordheim current density along the electrode

surfaces. We systematically examine the electric field enhancement and the current rectification of

the miniaturized geometrical diode for various geometric dimensions and applied electric fields.

Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4987127]

I. INTRODUCTION

There is a growing interest in the miniaturization of

anode-cathode (A-K) gaps by using fine emission tips to

realize a nanoscale diode.1–12 The geometrically asymmetric

metal-vacuum (insulator)-metal nanoscale diode shows great

potential for applications in energy harvesting and energy

conversion in solar cells,13–15 as well as for high power high

frequency applications in signal rectification and electron

source development.2,16–23 Bringing a sharp anode tip suffi-

ciently close to the graphene surface has realized electron

emission from flat graphene surfaces.24 Thus, it is of value to

assess the electrical field distribution and current emission

inside the miniaturized A-K gap and their asymmetry intro-

duced by the protruding surface of the electrode.

Electric field distribution on knife-edge field emitters

was calculated using conformal mapping.25,26 The method

has later been extended to the studies of the electric field

enhancement of several rectilinear geometries,27,28 of the

electric field screening by the proximity of two knife-edge

field emitters,29 and of asperity in a channel for microscale

gas breakdown.30 These existing models on field emitters

usually assume that the emission tip is far away from the

anode, whose effect on the tip field enhancement is thus

ignored. However, the finite tip-anode distance is compara-

ble to or even smaller than the tip height, as is often the case

in experiments.21,31,32 Recent studies33,34 on the effects

of finite A-K gap focus only on emitters with vertical

walls, where the current rectification behaviors remains

unexplored.

In this paper, we study the electric field distribution

and field emission current in a finite A-K gap with a single

trapezoidal protrusion (Fig. 1), which may represent a

miniaturized geometrical vacuum diode. The electric field

inside the A-K gap is calculated exactly using the Schwarz-

Christoffel transformation.26 From these exact electric field

profiles, we calculate the effective field enhancement factor

for the field emission current, where the flat electrode or the

electrode with a protrusion can either be the cathode or

anode, depending on the sign of bias. This allows our quanti-

tative assessment of current rectification. Scaling of the fields

and the current is studied as a function of geometry and bias

voltage.

Section II presents the theoretical formulation. In Sec.

III, results and discussion are given for various aspect ratios,

geometries, and applied bias voltages. Section IV presents a

summary and suggestions for future research.

II. FORMULATION

Consider an anode-cathode (A-K) geometry with a trap-

ezoidal tip, as shown in Fig. 1(a). The A-K gap distance is d,

the tip has half width a, height h, and angle with the sub-

strate a. We solve the electric field inside the gap by confor-

mal mapping between the complex z� and w� planes where

z ¼ xþ iy ¼ ðx; yÞ and w ¼ uþ iv ¼ ½u; v�. Following Ref.

25, we denote this mapping as x; yð Þ $ ½u; v� henceforth

[Fig. 1(b)]. Specifically, the maps of ABCDE1E2FG in Fig. 1

are, sequentially, 1; dð Þ $ �1; 0½ �, �1; dð Þ $ 0�; 0½ �,
�1;0ð Þ$ 0þ;0½ �, �a�hcota;0ð Þ$ 1;0½ �, �a;hð Þ$ u3;0½ �,
a;hð Þ$ u3

0;0½ �, aþhcota;0ð Þ$ u4;0½ �, and 1;0ð Þ$ 1;0½ �.
In the maps B0 and C0, 0þ and 0� denote values slightly

greater and less than zero, respectively. This map is gov-

erned by the Schwarz-Christoffel transformation26

z ¼ K

ðw

w0

f w0ð Þdw0 þ z0; (1)
a)Author to whom correspondence should be addressed: pz@egr.msu.edu
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f wð Þ ¼ 1

w

w� u3

w� 1

w� u3
0

w� u4

� �a=p

; (2)

where K, u3, u3
0, and u4 are constants to be determined, and

z0ðx0; y0Þ $ w0½u0; v0� is an arbitrary point along the bound-

ary of ABCDE1E2FG and the corresponding u-axis. Without

loss of generality, we choose point D, that is z0 ¼ �a
�h cot aþ i0 and w0 ¼ 1þ i0 in Eq. (1). Branch cuts [not

shown in Fig. 1(b)] extending downward from the branch

points render f ðwÞ single valued in the upper half w-plane.

The complex electrostatic potential is U wð Þ ¼ ikE0

log wð Þ ¼ /þ iw. It represents a circulation electric field

about the origin, which is the singularity point where points

B0 and C0 coincide.25,26,30 This potential is chosen so that

both the negative u-axis and the positive u-axis are equipo-

tential lines, which produce a constant uniform electric field

(�iE0) far away from the protrusion (Fig. 1). To see this, the

components Ex and Ey of the electrostatic field in the (x; y)

plane may be expressed as25,29

Ex � iEy ¼ �
dU
dz
¼ � dU=dw

dz=dw
¼ �iE0

w� 1

w� u3

w� u4

w� u3
0

� �a=p

;

(3)

where we have used Eqs. (1) and (2) for dz=dw. Equation (3)

clearly shows a constant electric field�iE0 at w ¼ 1. As

w! 0, the electric field becomes Ex � iEy ¼ �iE0 u4=ð
u3u3

0Þa=p, which should be the same as the field when

w ¼ 1. Thus, this gives

u4 ¼ u3u03: (4)

Using Eqs. (1) and (4), it is easy to show that the maps for H

and K (Fig. 1) are, respectively, H 0; dð Þ $ H0 � ffiffiffiffiffi
u4
p

; 0
� �

and

K 0; hð Þ $ K0
ffiffiffiffiffi
u4
p

; 0
� �

. Evaluating zðwÞ at points B and C
and subtracting the two obtained equations, we have

K ¼ d

p
; (5)

where we have used Eq. (4). Evaluating zðwÞ at points E1

and E2, we obtain, respectively,

p
sina

h

d
¼
ðu3

1

1

u

u3 � u

u� 1

u03 � u

u3u03 � u

 !a=p

du; (6)

2p
a

d
¼
ðu0

3

u3

1

u

u� u3

u� 1

u03 � u

u3u03 � u

 !a=p

du; (7)

where we have used Eq. (5). For any given values of angle a
and aspect ratios a/d and h/d, the unknown variables u3 and

u3
0 can be solved from Eqs. (6) and (7) numerically, and u4

follows from Eq. (4). The electric field everywhere inside

the A-K gap in Fig. 1(a) is then calculated from Eq. (3). The

local electric field enhancement is defined as

b ¼
���� E

E0

���� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2

x þ E2
y

q
E0

; (8)

where E0 is the uniform electric field far away from the trap-

ezoidal tip.

For field emission, the current density is obtained from

the Fowler-Nordheim (FN) equation35

J ¼ AFNE2
c exp �BFN

Ec

� �
A

m2

� 	
; (9)

where AFN ¼ 1:5�10�6

W exp 10:4ffiffiffi
W
p

 �

, BFN ¼ 6:44� 109W3=2, Ec

is the local cathode electric field in V/m, and W is the work

function of the cathode in eV. When the electrode with the

trapezoidal tip is the cathode, the average current density

from the tip may then be calculated based on Eq. (9) as

Javg1 ¼
AFN

Ð
DE1E2F E2

C sð Þ exp � BFN

Ec sð Þ

� �
ds

DF
; (10)

where the line integral is taken along the path DE1E2F, Ec(s)
is the local electric field at the point s along the path, and

DF ¼ 2aþ 2hcot að Þ is the length between points D and F

[Fig. 1(a)]. Likewise, when the flat electrode is the cathode,

the average current density emitted is calculated as

Javg2 ¼
AFN

Ð
A1B1

E2
C sð Þ exp � BFN

Ec sð Þ

� �
ds

A1B1

; (11)

where Ec(s) is now the local electric field at the point s along

the path A1B1, with the length A1B1 ¼ DF [Fig. 1(a)].

From the averaged current density in Eqs. (10) and (11),

one may obtain the effective field enhancement factor beff 1;2

from

Javg1;2 ¼ AFNb2
eff 1;2E2

0exp � BFN

beff 1;2 E0

 !
; (12)

where E0 ¼ Vg=d, with Vg and d being the applied gap volt-

age and the A-K gap distance, respectively. Note that the

FIG. 1. (a) Anode-cathode (A-K) gap

with a trapezoidal tip in the z � ðx; yÞ
plane and (b) its map onto the w
� ½u; v� plane.
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effective electric field enhancement factor in Eq. (12) is a

function of the applied electric field E0, whereas the local

field enhancement factor in Eq. (8) is independent of E0. The

effective field enhancement has been studied in numerous

previous works.28,36–38

III. RESULTS AND DISCUSSION

Figure 2 shows the values of u3 and u3
0 [c.f. Fig. 1(b)] as

a function of the ratio of gap separation to tip height d/h for

different values of the tip aspect ratio a/h and angle a. It is

clear that u3 and u03 become very sensitive to d=h when

d=h < 5, indicating a strong effect of the finite gap distance

on the electric field distribution in this regime.

Figure 3 plots the local electric field enhancement fac-

tor b ¼ jE=E0j along the two electrode surfaces, AB, and

CDE1E2FG, and along the symmetric axis KH in Fig. 1(a),

calculated from Eq. (8). Note that the fields along the two

electrode surfaces are plotted against the position on the x-

axis normalized to h, real(z/h), and those along the symmet-

ric axis are against the position on the y-axis normalized to

d, imag(z/d). Field enhancement is found at both the flat and

protrusive electrodes, with a strong dependence on d=h. As

d=h increases, the local field enhancement factor at both the

flat and protrusive surfaces decreases, as shown in Figs.

3(a)–3(c). The effects of a=h on the field enhancements are

shown in Figs. 3(d)–3(f). As a=h increases, the local field

enhancement at the flat surface increases; this is because

more surface area of the flat electrode becomes closer to the

other electrode, thus leading to a smaller effective A-K gap.

However, the local field enhancement at the protrusive sur-

face (i.e., the tip) decreases as a=h increases, since the

sharpness of the tip decreases with increasing a=h. The

dependence of the field enhancements on the angle a is

shown in Figs. 3(g)–3(i). As a increases, the average dis-

tance between the tip and the flat electrode [DF to B1A1 in

Fig. 1(a)] decreases, leading to a reduction on the field

enhancement on the flat electrode. However, as the sharp-

ness of the tip increases with a, the field enhancement on

the tip is increased. In Figs. 3(c), 3(f), and 3(i), electric field

profiles along the symmetric axis KH obtained from

COMSOL39 simulation are also shown. Excellent agreement

between conformal mapping and the numerical simulation is

obtained.

Figure 4 shows the local field enhancement factor at the

center points of the two electrodes K and H [c.f. Fig. 1(a)] as

a function of the ratio of gap separation to tip height d/h for

different values of the tip aspect ratio a/h and angle a. Field

enhancements at both the flat and protrusive electrodes

FIG. 2. (a) u3 and (b) u3
0 as a function

of d/h for various a/h when a ¼ p/2

and (c) u3 and (d) u3
0 as a function of

d/h for different a values when a/h
¼ 0.1.

FIG. 3. The normalized electric field

[i.e., local electric field enhancement

factor b from Eq. (8)] against normal-

ized position for (a)–(c) d/h¼ 1.3, 2,

and 10 with a/h¼ 0.1 and a ¼ p/2,

(d)–(f) a/h¼ 0.01, 0.1, and 1 with

d/h¼ 2 and a ¼ p/2, (g)–(i) a ¼ p/6,

p/4, and p/2 with d/h¼ 2 and a/h¼ 0.1.

(a), (d), and (g) are along the flat elec-

trode surface AB; (b), (e), and (h) are

along the protrusive electrode surface

CDE1E2FG, plotted against the posi-

tion on the x-axis (normalized to h);

and (c), (f), and (i) are along the

symmetric axis KH. Dashed lines in

(c), (f), and (i) are from COMSOL

simulations.

244301-3 Lin et al. J. Appl. Phys. 121, 244301 (2017)



increase rapidly as d=h decreases, for d=h< 2. When

d=h> 5, the field enhancement at the center of the flat sur-

face point H converges to the constant value of 1, and those

at tip center point K approach almost constant values greater

than 1. As shown in Fig. 4(a), for the special cases of

a ¼ p=2, these constant values agree well with
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ph=4a

p
when a=h� 1, which is obtained by assuming that d
approaches infinity.25 The field enhancement at the tip center

is also strongly dependent on a=h and a, whereas that at the

center of the flat electrode is insensitive to a=h and a. The

results are consistent with those shown in Fig. 3.

For field emission current in the geometric diode, the

effective field enhancement factors on both the protrusion

surface (DE1E2F) beff 1 and the flat surface (A1B1) beff 2 are

plotted in Figs. 5(a) and 5(b), as a function of d/h for

a/h¼ 0.01, 0.1, and 1, with a ¼ p/2. In the calculation, we

assume that the uniform electric field far from the tip is E0

¼ 3� 108 V/m and the work function of the electrodes

W¼ 4 eV. It can be seen that the effective field enhancement

factors on both surfaces beff 1;2 increase significantly when

d=h decreases, for d/h less than 2. beff 1;2 approaches almost

constant values when d=h> 5. The parametric dependence

of the effective field enhancement and those of the local field

enhancement (Fig. 4) are very similar. The emission current

rectification ratio, g ¼ Javg1=Javg2, is shown in Fig. 5(c),

where Javg1 and Javg2 are calculated from Eqs. (10) and (11),

respectively. It is seen that g increases as d=h increases or

a=h decreases. As the A-K gap distance decreases in the

miniaturized diode, e.g., d=h< 2, the current rectification

ratio g drops significantly. The theoretical analysis of the

current rectification g here would provide insights into the

design of geometric diode with optimal rectification effi-

ciency for various applications.13–23

Figures 6(a) and 6(b) show the effective field enhance-

ment factors beff 1;2 as a function of a/h for d/h¼ 1.3, 2, and

10, with a ¼ p/2. For a given d=h, as a=h increases, beff 1

decreases, while beff 2 increases. This is expected since as a=h

increases, the sharpness of the tip decreases, thus leading to a

smaller field enhancement factor at the protrusive electrode.

On the other hand, the effective A-K gap distance decreases

as the tip width a increases, thus giving a larger beff 2 on the

flat surface. The emission current rectification ratio,

g ¼ Javg1=Javg2, is shown in Fig. 6(c). In general, g decreases

as a=h increases. The aspect ratio of the tip a=h has a stronger

effect on beff 1;2 and g when the effective gap distance d=h

becomes smaller. It is important to point out that the Fowler-

Nordheim equation [Eq. (9)] is only valid when the Schottky

barrier reduction is small compared to the work function,ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e3E=4p�0

p
<W. To the lowest order, this requires that the

local Schottky barrier reduction at the tip center [point K in

Fig. 1(a)] to be smaller than the work function there, which

gives the lower limit of a=h > 1
64p

� 
 eE0½V=m�
�0ðW eV½ �Þ2

 �2

, for which

FIG. 4. Local electric field enhancement factor b ¼ jE=E0j calculated from

Eq. (8) at the center of the two electrodes (a) point K and (b) point H as a

function of d/h for various a/h values when a ¼ p/2; and at (c) point K and

(d) point H as a function of d/h for different a values when a/h¼ 0.1. Dotted

lines in (a) are for jE=E0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ph=4a

p
when a=h� 1, which is the result

obtained by assuming d approaches infinity.25

FIG. 5. The effective field enhancement factor calculated from Eq. (12) at

(a) the protrusive electrode surface DE1E2F, (b) the flat electrode surface

A1B1, and (c) the corresponding current rectification ratio, g ¼ Javg1=Javg2,

as a function of d/h, for a/h¼ 0.01, 0.1, and 1, with a ¼ p/2. In the calcula-

tion, it is assumed that the uniform electric field far from the tip E0

¼ 3� 108 V/m, and the work function of both electrodes W¼ 4 eV.

FIG. 6. The effective field enhancement factor at (a) the protrusive electrode

surface DE1E2F and (b) the flat electrode surface A1B1, and (c) the current

rectification ratio, as a function of a/h, calculated from Eqs. (10)–(12), for

d/h¼1.3, 2, and 10, with a ¼ p/2, E0 ¼ 3� 108 V/m, and work function

W¼ 4 eV.

244301-4 Lin et al. J. Appl. Phys. 121, 244301 (2017)



the effective field enhancement factor beff may be representa-

tive of possible real wedge-geometries. In deriving this limit,

we have used the local (not effective) field enhancement at

the center of the tip b ¼ jE=E0j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ph=4a

p
for a vertical

emitter when a=h � 1 (c.f. Fig. 4 and Ref. 25). For the

parameters used in Fig. 6 (and other figures), this lower limit

gives a=h > 5:72 �10�4, well below the range of a=h used

in our calculation.

The effects of angle a on beff 1;2 and g are shown in

Fig. 7. As a increases, beff 1 increases rapidly, while beff 2

decreases only slightly. This is because the sharpness of the

tip is effectively increased as a increases, and therefore, the

effective field enhancement factor increases for the tip.

However, the effective gap distance between the protrusive

and the flat surfaces increases and the effective emission

area (A1B1) decreases when a increases, which induces a

slight decrease in beff 2. The emission current rectification

ratio, g ¼ Javg1=Javg2, is shown in Fig. 7(c). For a given d=h
and a=h, g increases as a increases.

Figure 8 shows the effects of the applied electric field

E0 on beff 1;2 and g. As E0 increases, larger surface area (with

a relatively low local field enhancement factor) near the tip

would be able to emit current, and thus, the effective field

enhancement beff 1 would decrease on average. On the flat

electrode, beff 2 is insensitive to E0. The emission current rec-

tification ratio, g ¼ Javg1=Javg2, decreases significantly as E0

increases when E0 < 2� 108 V/m, as shown in Fig. 8(c).

IV. CONCLUSIONS

We have systematically studied the electric field distribu-

tion and field emission current in a miniaturized geometrical

diode, consisting of a finite A-K gap with a single trapezoidal

protrusion. The electric field inside the A-K gap and the local

field enhancement are calculated exactly using the Schwarz-

Christoffel transformation. The calculation is spot-checked

using COMSOL. Limiting cases are recovered when the A-K

gap distance becomes large compared to the protrusion

height. It is found that there is strong field enhancement on

both electrodes near the protrusion as the A-K gap decreases

to be comparable with the protrusion height. The effective

field enhancement factor and the current rectification ratio of

the diode are calculated for field emission current, by using

the Fowler-Nordheim (FN) equation for the current density.

Scaling of the fields and the current is studied as a function of

various geometric ratios and the biased electric fields. The

scaling of the current rectification ratio would provide guid-

ance in optimizing the design of miniaturized geometric

diodes for various high power high frequency applications.

It is worth noting that the FN law is derived by assuming

only a single emitting surface without the effects of the other

electrode. Although previous studies suggest that the FN law

is accurate at the intermediate voltage level in a nanoscale

AK gap,40,41 our FN based approach here should be viewed

only as a first approximation. A more accurate approach is to

convert the field distribution into the potential profile and

solve the current transmission directly from the Schrodinger

equation.15

Further research may consider the effects of quantum

tunneling for current emission when the A-K gap distance is

decreased to nanometer scale,12,40,41 AC response of the

diode under high frequency excitation,15,42,43 electric field

screening effect for an array of emission tips,2,29 possible

new emission physics such as inverse tunneling,44 and exper-

imental validation of the theory.
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