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1. Introduction

Current crowding and contact resistance are becoming 
increasingly important in the miniaturization of electronics 
[1–5]. How to accurately characterize these effects is an 
important issue [6–10]. Over a large range of resistivity and 
dimensions in the contact, they are very difficult to obtain 
accurately from finite element method (FEM), especially 
when there are mathematically sharp corners. Here, we 
evaluate them systematically, using the exact field solution 
we recently constructed [7]. The calculated current transfer 
length is compared with that of the transmission line model 
(TLM [6]). The well-known TLM approach [6,9] gives the 

contact resistance as ( )ρ ρ=R W a Lcoth /c
TLM

c sh TLM , where 

ρ ρ=L /TLM c sh  is the transfer length, defined as the length 
scale over which most of the current from a contact to 
thin film flows, and W denotes the width in the dimension 

perpendicular to the paper. From this expression, the TLM 
approach is not applicable in the limit of →  ρ 0c , where both 
Rc

TLM and LTLM approach zero [6,9]. TLM omits the fringing 
field near the contact edge, thus it is unable to account for 
the effects of current crowding and constriction (spreading) 
resistance. TLM also ignores the effects of electrode prop-
erties ρ1, h1 (figure 1). Our exact solution provides a much 
more detailed evaluation of the contact resistance and current 
crowding. The contributions to the total contact resistance 
from the individual components of the contacts are unam-
biguously identified, evaluated, and compared.

2. Model description

Consider a pair of identical contacts formed on top of a con-
ducting layer, which is laid on an insulating substrate, as 
shown in figure 1. The dimensions (h1, h2, a, L) and electrical 
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resistivity (ρ1, ρsh) of the contacts and the conducting layer are 
specified in figure 1. An infinitesimally thin interface layer, 
of specific interfacial resistivity ρc (also termed specific con-
tact resistivity), is sandwiched between both the contacts and 
the conducting layer. Current flows from one contact to the 
other through the conducting layer, when a bias voltage is 
applied between them. The potential distribution in figure 1 is 
very difficult to solve accurately by FEM based codes, espe-
cially if there is a large contrast among the geometric ratios 
or resistivity ratios. We have recently developed the exact 
field solution for the potential profile Ф for arbitrary values 
of dimensions h1, h2, a, L, and resistivities ρ1, ρsh, and ρc, by 
Fourier series expansion [7]. Due to symmetry, we need only 
to consider (the right) half of the geometry in figure 1. The 
Laplace equation and boundary conditions are summarized in 
table 1. The exact solution for ( )Φ y z,II  within OEFA is given 
in [7]. The exact solution for ( )Φ y z,I  within OBCD is recorded 
as ( ) ( ) ( ) [ ( )]Φ = − +∑ −=

∞y z A z h A k y k z h, cos sinhn n n nI 0 1 1 1 ,  
where π=k n a/n , ( )= −∑ =

∞A B b g k h/sinhn m m m mn n1 1 , b cothm =   

c h c /m m c2 2( ) ρ ρ+ , ( )π= −c m b1/2 /m , ( )∫ π=g x n x2 d cos cosmn 0

1   

( )c axcos m , and Bn is solved from equation (2) of [7]. Our exact 

field solution is verified in various known limits [8, 9]. From 
the exact field solution, we calculate the current density dis-
tribution, current flow patterns, as well as contact resistance, 
which consists of interface resistance and the constriction 
(spreading) resistance due to current crowding effects.

3. Results

Once the potential Ф( y,z) inside the region ABCDEFA in 
figure 1 is obtained from the exact field solution, the current 
density distribution can be calculated from,

( ) ( ) ( )σ
ρ

= + =
∇Φ

J y z E y z E y z, , , ,y z
2 2

 (1)

where ( )σ ρ  and E are the electrical conductivity (resistivity) 
and electric field, respectively. The current flow line equation, 

y  =  y(z), is integrated from the first-order ordinary differential 
equation,

σ
σ

= =
∂Φ ∂
∂Φ ∂

y

z

E

E

y

z

d

d

/

/
.

y

z
 (2)

Figures 2(a)–(d) shows the current density distribution and 
current flow lines, varying the specific contact resistivity ρc. 
As ρc decreases, current flows are more crowded towards the 
constriction corner at the edge of the contact. The high cur-
rent crowding near the constriction corner induces intense 
local joule heating there. The maximum current density near 
the constriction corner increases by orders of magnitude as 
ρc decreases from 5  ×  10−7 Ω cm2 to 0. Current flow lines 
with percentage of the total current are also plotted. The 
current transfer length LT is defined as the length along the 
interface over which 63.21% (=1 – e−1, to match the defini-
tion of transfer length used in TLM [6], ( )ρ ρ=L /TLM c sh

1/2) 
of the total current transfers from the conducting layer into 
the contact, which is plotted in figure 2(e), and is compared 
with LTLM. Note that there are many data points for the plot 
in figure 2(e), not merely the four cases in figures 2(a)–(d). 
The same is true for the contact resistance in figure 2(f), and 
for similar plots in figures 3–6. In general, LT increases as ρc 
increases. The upper limit of LT is bounded by the contact size 
a. When ρ > ×5 10 –7c  Ω cm2, LT approaches ~0.63a  =  0.32 
μm. When ρ < × −2 10c

10 Ω cm2, LT converges to constant 
value of ~0.63h2  =  0.032 μm. This agrees with our previous 
studies that, in the limit of ρc  →  0, the transfer length is on the 
order of conducting layer thickness h2, when a/h2  >  1 [8, 10]. 
It is clear that LTLM is accurate only over a limited range of ρc.

The total contact resistance is shown in figure 2(f ), which 
is defined as ( )ρ= −R R L W/2 /c

Total
T sh , where RT is the total 

resistance from EF to BC (figure 1) calculated from our 
exact model, the second term is the resistance of the con-
ducting layer from EF to DG, and W denotes the width in the 
dimension perpendicular to the paper. We further decompose 

= + +R R R Rc
Total

interface 1 s, where ρ=R aW/interface c  is the 
resistance of the interface, ρ=R h aW/1 1 1  is the resistance from 
OD to BC, and Rs represents the spreading resistance (con-
striction resistance) due to current crowding near the contact 
region. All dimensions and resistivities are defined in figure 1. 
For the parameters given in figure 2, Rc

Total is dominated by 

Table 1. Laplace equation and boundary conditions for the model 
in figure 1a.

Inside OBCD: 02
I∇ Φ =

Inside AOEF: 02
II∇ Φ =  

At BC: 0IΦ =
At EF: V /2IIΦ =  
At OA, OB, CD: y/ 0∂Φ ∂ =  
At ED, AF: z/ 0II∂Φ ∂ =
Across OD: J z z1/ / 1/ / ;z 1 I 2 II( ) ( )ρ ρ= − ∂Φ ∂ = − ∂Φ ∂  

J z z0 0c z II I( ) ( )ρ = Φ = − Φ =− +

aJz is the normal component of current density crossing the interface OD, 
and ΦI(y,z) and ΦII(y,z) are the potentials in the contact region and the 
conducting layer respectively.Figure 1. Electrical contact model. An infinitesimally thin 

resistive interface layer is sandwiched between the conducting 
layer and the contact. The structure is symmetric about the axis 
along EF. Note that ρ1 and ρ2 have units in Ω m, ρ ρ= h/sh 2 2 is in 
Ω/▫, and ρc is in Ω m2.

J. Phys. D: Appl. Phys. 48 (2015) 475501
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Figure 2. (a)–(d) Current density distribution (color map) and current flow lines (solid lines) calculated analytically from the exact field 
solution [7]. The percentage near the current flow lines measures the fraction of the total current. (e) Current transfer length LT and (f ) 
contact resistance = + +R R R Rc

Total
interface 1 s, as a function of interfacial resistivity ρc. The transfer length LTLM obtained from TLM is 

also plotted in (e) for comparison. The parameters used are a  =  0.5 μm, L/2  =  10 μm, h1  =  100 nm, h2  =  50 nm, ρ = ×2.44 101
–8 Ω m, 

ρ ρ= =h/ 100sh 2 2  Ω/▫. The total current is fixed at 50 μA μm−1.

Figure 3. Similar to figure 2 but only a changes. The parameters used are ρ = ×5 10c
–8 Ω cm2, L/2  =  10 μm, h1  =  100 nm, h2  =  50 nm, 

ρ = ×2.44 101
–8 Ω m, ρ ρ= =h/ 100sh 2 2  Ω/▫. As a increases, LT increases, however LTLM is independent of a. Rc

Total decreases with a but 
converges to ~21Ω μm for a  > 0.5 μm, Rinterface is taken over by Rs when a  >  0.43 μm. R1 (not shown) is negligible compared to Rc

Total .

J. Phys. D: Appl. Phys. 48 (2015) 475501
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Figure 4. Similar to figure 2 but only h2 changes. The parameters used are ρ = ×5 10c
–8 Ω cm2, a  =  0.5 μm, L/2  =  10 μm, h1  =  100 nm, 

ρ = ×2.44 101
–8 Ω m, ρsh  =  ρ2/h2  =  100 Ω/▫. LT increases with h2, but converges to ~0.3 μm when h2  >  a  =  0.5 μm. Rinterface is 

independent of h2. Rs decreases as h2 increases when h2  <  a  =  0.5 μm, but increases with h2 when h2  >  a. Minimum Rs, therefore 
minimum Rc

Total, is achieved when h2  =  a  =  0.5 μm. R1 (not shown) is negligible compared to Rc
Total .

Figure 5. Similar to figure 2 but only h1 changes. The parameters used are ρ = ×5 10c
–9 Ω cm2, a  =  0.5 μm, L/2  =  10 μm, h2  =  50 nm, 

ρ = ×2.44 101
–8 Ω m, ρsh  =  ρ2/h2  =  100 Ω/▫. Note that LT  =  72.5 nm, W Rc

Total  =  7.4 Ω μm, WRinterface  =  1 Ω μm, and WRs  =  6.4 Ω μm 
(not shown) are all independent of h1 as ρ1 is highly conductive compared to ρ2 and ρc. However, current spreads to a larger area in the 
contact region as h1 increases.

J. Phys. D: Appl. Phys. 48 (2015) 475501
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Rinterface when ρ > 10c
–7 Ω cm2, and is dominated by Rs other-

wise. When ρ < × −2 10c
10 Ω cm2, the constriction resistance 

RsW, and therefore the total contact resistance Rc
Total, converge 

to constant value of ( ) ( )ρ π ρ π× = × =/2 4ln2  /2 2.77 2.22 2  
Ω μm. This is the known limit of RsW derived for ρc  →  0 and 
a/h2  >> 1 [8, 10].

Figure 3 shows that, as the contact size a increases, the 
current transfer length LT increases. The transfer length from 
TLM, =L 0.22TLM  μm, is independent of a. LTLM provides 
an upper limit to LT, which changes little as the contact size a 
increases beyond L2 TLM. The normalized transfer length L a/T  
is also plotted as a function of a in figure 3(d). When a  <  0.05 
μm (=h2), LT/a is almost a constant ~ 63%. This indicates that 
when a/h2  ⩽  1, the relative position of the transfer length (in 
terms of a) is insensitive to the contact size. When a  >  0.4 μm, 
LT/a scales as ~0.22 μm/a. This confirms that the actual posi-
tion of LT is insensitive to the contact size when a/LTLM  >  2. 
As a increases, Rinterface decreases because of larger contact 
area, but the spreading resistance Rs increases. Rc

Total decreases 
with a but converges to constant ~ 21 Ω μm for a  > 0.5 μm, 

which may be estimated from ρ ρ ρ= +R W h0.19c c sh sh
2

2
2 , for 

a  >> h2, as derived by Berger [7, 9].
Figure 4 shows that current crowding becomes worse when 

the thickness of the conducting layer h2 decreases. When h2 is 
small (<60 nm  << a), LT follows closely LTLM, since the TLM 
approach is expected to be reliable when the thin film thickness 

h2  →  0 [9]. LT increases with h2, but converges to a constant 
value ~0.63a  =  0.3 μm when h2  >  a  =  0.5 μm. This indicates 
that, when h2/a  >  1, LT is mainly determined by the contact size 
a, since the fringing field (therefore the current crowding region) 
is determined by the smaller dimension near the constriction 
corner [11]. The resistance due to the interface layer Rinterface is 
independent of h2. The spreading resistance Rs decreases as h2 
increases when h2  <  a  =  0.5 μm, but increases with h2 when 
h2  >  a. The minimum Rs, therefore minimum Rc

Total, is achieved 
when h2  =  a  =  0.5 μm, which is consistent with the condition 
for minimum contact resistance identified previously [8].

Figure 5 shows that the current spreads to a larger area in the 
contact region as the thickness of the contact region h1 increases. 

However, the current transfer length LT  =  72.5 nm across the 

contact interface, the total contact resistance Rc
TotalW  =  7.4 Ω 

μm, interface resistance WRinterface  =  1 Ω μm, and the spreading 
resistance WRs  =  6.4 Ω μm, are all independent of h1, as ρ1 is 
highly conductive compared to ρ2 and ρc for the given parameters.

Figure 6 shows that current flows become more crowded near 
the constriction corner when the resistivity of the contact region 
ρ1 decreases. The transfer length LT is almost constant when 
ρ1  <  10−6 Ω m. When ρ1  >  10−6 Ω m, LT increases with ρ1, 
where ρ1  =  10−6 Ω m corresponds to Rinterface   =  R1, as shown in 
figure 6(e). The spreading resistance Rs increases slightly with 
ρ1, whereas the resistance of the contact region R1 increases lin-

early with ρ1. When ρ1  =  10−4 Ω m, the contribution of R1 to 

Figure 6. Similar to figure 2 but only ρ1 changes. The parameters used are ρ = ×5 10c
–9 Ω cm2, a  =  0.5 μm, L/2  =  10 μm, h1  =  100 nm, 

h2  =  50 nm, ρsh  =  ρ2/h2  =  100 Ω/▫. LT is almost constant when ρ1  <  10−6 Ω m. When ρ1  >  10−6 Ω m, LT increases with ρ1, where 
ρ1  =  10−6 Ω m corresponds to Rinterface   =  R1, as shown in (e). Rinterface is independent of ρ1. Rs increases slightly with ρ1, whereas R1 
increases linearly with ρ1. When ρ1  =  10−4 Ω m, the contribution of R1 to Rc

Total becomes larger than that of Rs and Rinterface.

J. Phys. D: Appl. Phys. 48 (2015) 475501
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Rc
Total becomes larger than that of Rs and Rinterface. Note that it is 

not possible to obtain the effects of contact electrode properties, 
ρ1 and h1, on the contact resistance and current transfer length 
shown in figures 5 and 6 from the TLM approach, which lumps 
the contact electrode and the resistive interface together.

4. Conclusion

In this paper, current crowding and contact resistance are ana-
lyzed by the exact field solution for a contact model, over a large 
parameter space in resistivity and dimensions of the contact. The 
current transfer length LT is compared with that of the transmis-
sion line model, LTLM. This paper exemplifies the wide utility of 
the exact field solution [7] constructed for figure 1. It is found 
that current crowding effect becomes more severe as the inter-
face specific contact resistivity decreases, the resistivity ratio 
between the contact and thin film decreases, or the thickness of 
either contact member decreases. It is found that, if the inter-
face specific contact resistivity ρc is small, LT is bounded by the 
smaller of the two dimensions—thin film thickness and contact 
size. As ρc increases, LT increases, but saturates at a constant 
determined by the smaller of the two dimensions—contact size 
and LTLM. The total contact resistance is decomposed into three 
components: the interface resistance due to ρc, the spreading 
resistance due to current crowding, and the resistance due to the 
contact electrode. The contribution from the individual compo-
nents of the contacts are examined and compared in detail.
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