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Abstract — In a helix traveling-wave tube (TWT) with a
bandwidth exceeding one octave, the second harmonic of
an input signal near the low end of the band will experience
exponential growth. In such a case, we have found that
the nonlinear electron orbits in the beam, as opposed to
the orbital bunching exhibited in the linear electron orbits,
are the main source for second-harmonic generation. This
unexpected result is due to the synchronous amplification
of the second harmonic. We demonstrate this phenomenon
from the solution of the nonlinear equations that we have
formulated that govern evolution of the second-harmonic
field; these equations may include axial variations of the
Pierce parameters. In several test cases, we compare the
theory with simulation using the CHRISTINE large signal
TWT code. Good agreement between theory and simulation
is found.
Index Terms — Frequency multiplier, harmonic generation, traveling-wave tube (TWT).

I. I NTRODUCTION

A

HELIX traveling-wave tube (TWT) with octave bandwidth necessarily employs a circuit with low dispersion
over the full operating band. This means that the phase velocity
of a signal near the low end of the band and that of its second
harmonic at the upper end of the band will be nearly the same.
If the electron beam has a similar drift velocity as this phase
velocity, the electrons can synchronously interact with the
circuit wave over a wide range of frequencies. An input signal
near the low frequency end of the amplification band may then
generate a second-harmonic signal if the beam current carries
a second-harmonic component, which could be due to some
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nonlinearity in the orbits. This paper analyzes the generation
of second harmonic in a TWT, due solely to an input signal at
the (fundamental) frequency, ω0 , in the case that the secondharmonic experiences finite small-signal gain. We focus on
the physical mechanism by which the second harmonic is
generated, its analytic description, and its validation with a
simulation code.
A well-known nonlinear process in vacuum electronics that
leads to harmonic beam current due to an input signal of a
single frequency ω0 is crowding of the electron orbits [1],
in which neighboring electrons are getting closer together.
This occurs in the drift tube of a klystron and the harmonic
content in the ac current has been calculated exactly in
a 1-D model [1], [2]; this calculation has been explicitly
shown to be valid even for the case where the electron orbits
have crossed, i.e., when charge overtaking has occurred [2].
Significant harmonic current appears even if the electron
velocity is strictly in the linear regime, that is, the velocity
of an electron has only a dc component, plus a fundamental frequency component at a very low level [1], [3], [4].
The nonlinearity in the ac current arises kinematically, from
the exact solution to the nonlinear continuity equation that
accounts for orbital crowding (including charge overtaking)
in the linearized electron orbits. While this orbital crowding
process has been well known for a klystron in generating
harmonic ac current, it was explicitly evaluated for a TWT
only recently [5]. The second-harmonic ac current in the beam
in a TWT was found to be quite high, reaching 1/4 of the
dc beam current, even though the electron’s ac velocity is in
the linear regime (as in the klystron analysis). This level of
second-harmonic current in a TWT, due to orbital crowding,
was corroborated by the code, CHRISTINE [6].
Despite the high harmonic current due to orbital crowding
that was described in the preceding paragraph, in this paper,
we report another nonlinear effect that is far more important in
the generation of second-harmonic power in a wideband TWT.
The latter is due to the nonlinear correction in the electron
orbit, which is described by the nonlinear convective derivative
in the force law, v 1 (∂v 1 /∂z), where v 1 = v 10 e j ω0 t − j k0 z is the
linearized electron fluid velocity at the fundamental frequency,
whose wavenumber k0 ≈ (ω0 /v 0 ) where v 0 is the dc beam
velocity. This convective derivative, v 1 (∂v 1 /∂z), then con2 e j 2ω0 t − j 2k0 z (analogous
tributes a “force” proportional to v 10
to the “ponderomotive force” in the latter’s derivation [7]).
This “force” is a traveling wave at the second-harmonic
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frequency. It has a phase velocity also synchronized with the
electron beam because (ω/k) = (2ω0 /2k0 ) = (ω0 /k0 ) ≈ v 0 .
This “force” may then synchronously excite a secondharmonic wave, both in time and space, which makes it a much
more powerful contributor to second-harmonic generation. The
ac harmonic current due to orbital crowding, described in the
preceding paragraph, does not possess this property of synchronization in both time and space, and is therefore a much
weaker contributor in the generation of RF power at the second
harmonic. This is a rather unexpected finding, because we did
not anticipate that the nonlinear term v 1 (∂v 1 /∂z) would be so
important, as v 1 is admittedly in the linear regime. Comparison
with CHRISTINE simulation confirmed these facts, as we shall
show in Section III.
We should mention that largely based on Nordsieck’s seminal paper [8] on the nonlinear TWT theory, harmonic generation in broadband TWT was extensively studied [9]–[12].
These works did not identify the physical origin of the
harmonic generation, even though they have all included
the effect of orbital crowding (including charge overtaking).
It is also not immediately clear how these works could be
applied to a realistic tube that has a spatially nonuniform
circuit loss, and a sever region. The analytic approach, based
on a straightforward expansion given in this paper, is a
marked departure from the Nordsieck formulation [8]. It readily includes spatially nonuniform circuit loss and a sever,
in addition to the discovery that orbital crowding (including
charge overtaking) is not the dominant cause for harmonic
generation. The numerical examples presented below validated
our approach, whose results were favorably compared with the
nonlinear simulation code, CHRISTINE [6]. Other works on
harmonic generation in a TWT may be referenced, which used
either an Eulerian [13], [14] or Lagrangian description [15].
None of these prior works recognized the main theme of
this paper, namely, the dominant influence of synchronous
excitation, over orbital crowding, in harmonic generation in
a wideband TWT.
The present theory was motivated by the current experiments on harmonic generation in a bifrequency recirculating
planar magnetron [16]. There are also contemporary simulations and experiments of harmonic generation in a TWT [17].
This paper might provide a new theoretical framework for
such works.
In Section II, we extend the classical TWT theory of
Pierce [18] to include the generation of second harmonic.
We shall indicate how the nonsynchronous charge overtaking
effect, and the synchronous excitation due to v 1 (∂v 1 /∂z),
would enter in our formulation of harmonic generation.
Numerical examples for a TWT with a sever and spatially
nonuniform cold-tube loss are given in Section III, and
compared with simulation results. Section IV presents the
conclusion.

for in such a formulation. We shall closely follow, but extend
Pierce’s classical three-wave theory of TWTs [1], [18] to
include harmonic generation. The lowest order (linear) theory
is identical to Pierce’s theory. We separately consider the force
law (electronic equation) and the circuit equation.
We digress to remark that we shall use Pierce’s classical
three-wave theory of TWT, instead of the more complete
Pierce’s four-wave theory ([1], p. 361), for the following
reasons.
1) We shall compare our analytic formulation with the
CHRISTINE code, which is a well-validated large signal
helix TWT simulation code. The governing equations
solved by CHRISTINE reduce to those of Pierce’s threewave theory for small-signal amplitudes.
2) Our careful case study of a dielectric TWT [19] shows
that the value of the space-charge parameter, QC, would
be different between the three-wave and four-wave
theories.
3) Perhaps most importantly, since the four-wave theory includes the reverse-propagating circuit mode,
an absolute instability could arise if the beam current
is sufficiently high [20], [21], and such a possibility
is beyond the scope of this paper. Pierce’s three-wave
theory of TWT rules out the excitation of absolute
instability.

s(z, t) = s0 + εs 1 (z, t) + ε2 s2 (z, t) + · · ·
v(z, t) = v 0 + εv 1 (z, t) + ε2 v 2 (z, t) + · · ·

(4a)
(4b)

II. F ORMULATION

E(z, t) = E 0 + ε E 1 (z, t) + ε2 E 2 (z, t) + · · ·

(4c)

We shall use the Eulerian description to formulate the
force law and the circuit equation. We shall indicate how
harmonic current due to orbital crowding can be accounted

where ε is a small expansion parameter in harmonics, which
measures the ratio of the beam’s perturbation velocity to its
dc velocity. We substitute (4a)–(4c) into (1) and (2) and collect

A. Electronic Equation
We assume that the electron beam is cold, confined by an
infinite axial magnetic field, and drifts at constant velocity v 0
in the unperturbed (dc) state. In the 1-D model, the nonlinear
force law for the electron fluid reads


∂
∂
e
+ v(z, t)
(1)
v(z, t) = − E(z, t)
∂t
∂z
me
where the fluid velocity v(z, t) is related to the fluid displacement s(z, t) by


∂
∂
+ v(z, t)
s(z, t)
(2)
v(z, t) =
∂t
∂z
and the total electric field E(z, t) consists of circuit and spacecharge electric fields
E(z, t) = E C (z, t) + E SC (z, t).

(3)

The circuit field E C is excited by the ac current, as modeled
by Pierce, and the space-charge field E SC will also be modeled
by Pierce through his space-charge parameter, QC [1], [18].
Note that all quantities in (1)–(3) are expressed in the Eulerian
description.
We expand the dependent variables {s, v, E} as follows:
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terms of the same order in ε. The ε0 terms describe the
dc state. The ε1 terms describe the familiar linearized force law


∂
∂
e
+ v0
v1 = − E1
(5)
∂t
∂z
me


∂
∂
v1 =
(6)
+ v0
s1 .
∂t
∂z
The ε2 terms give


∂
∂
∂v 1
e
+ v0
v2 = − E2 − v1
∂t
∂z
me
∂z


∂
∂s1
∂
+ v0
v2 =
s2 + v 1
∂t
∂z
∂z

(7)
(8)

which describe the generation of second harmonic on account
of the v 1 (∂v 1 /∂z) in the right-hand member of (7). If the
ε1 terms give the linearized response to the fundamental
frequency ω0 , we may write the εn terms as
{sn , v n , E n } = {sn (z), v n (z), E n (z)}e j (nω0 )t .

(9)

Thus, the operator (∂/∂t) in (5) and (6) may be replaced by
j ω0 for v 1 and s1 , whereas the operator (∂/∂t) in (7) and (8)
may be replaced by j 2ω0 for v 2 and s2 . Equations (5)–(8)
then become first-order ordinary differential equations in z.
We next follow Pierce [1], [18] and decompose the total
electric field E into the circuit and space-charge electric fields,
for the nth harmonic fields:
E n = E nC + E nSC = E nC +

4(nω0 )2 Q n Cn3 sn
.
e/m e

(10)

The last equality in (10), giving the explicit form of the spacecharge electric field, follows Pierce’s definition of the QC
parameter (as applied to a wave at the nth harmonic frequency,
ω = nω0 ). In Pierce’s notation, the electronic equation at the
fundamental frequency (n = 1) reads [1], [5], [18]


 2

ω0 2
d
ω0
e
3
+j
+4
Q 1 C1 s1 (z) = −
E 1C (z).
dz
v0
v0
m e v 02
(11)
The electronic equation at the second harmonic (n = 2) reads





d
2ω0 2
2ω0 2
3
+j
+4
Q 2 C2 s2 (z)
dz
v0
v0
v 1 (z) dv 1 (z)
e
E 2C (z) − 2
=−
2
dz
m e v0
v
 0

2ω0 v 1 (z) ds1 (z)
d
+j
.
−
dz
v0
v0
dz

B. Circuit Equation
The excitation of the circuit wave electric field E 1C at the
fundamental frequency (n = 1) is the same as the classical,
the linear theory of TWTs. In Pierce’s notation, it reads1


me 3 3
d
ω0
ω C s1 (z).
+ j [1 + (b1 − j d1)C1 ] E 1C (z) = j
dz
v0
ev 0 0 1
(13)
Note that the RHS of (13) represents the ac current at the
fundamental frequency, which is proportional to the electronic
displacement at the fundamental frequency, s1 . It is this
ac current, at the fundamental frequency that excites the circuit
field, E 1C . The Pierce three-wave dispersion relation may
readily be obtained from (11) and (13) by assuming a wavelike solution for s1 (z), E 1 (z) ∝ e− jβz [22].
The ac current at the second-harmonic frequency would
similarly excite the circuit wave electric field at the second harmonic, E 2C . The composite electronic displacement,
s1 and s2 , now both contribute to the second-harmonic current,
kinematically. The displacement s2 , at the second-harmonic
frequency, will contribute to a second-harmonic current that is
represented by the first term in the RHS of the circuit equation,
now constructed for the second harmonic


2ω0
d
+j
[1 + (b2 − j d2)C2 ] E 2C (z)
dz
v0
me
me
= j
(2ω0 )3 C23 s2 (z) + j
I2 (s1 ) (14)
ev 0
ev 0
which may readily be compared with (13). The last term
in (14) represents the second-harmonic current due solely to
the displacement s1 . It is denoted by I2 (s1 ), and its physical origin comes from orbital crowding from the first-order
(linearized) electron orbit, s1 . Dong et al. [5] provided the procedure to compute the spatial evolution of I2 (s1 ), which is also
valid even if charge overtaking occurs.  here is a coupling
coefficient that is defined as:  ≡ − j (((2ω0 )2 v 0 )/I0 )C23 .
It turns out that nonlinear contributions to the s2 term [that
are described by the last two terms in the RHS of (12)] in the
RHS of (14) are much more important than the I2 (s1 ) term.
Equations (11) and (13) may be solved for the evolution of
the fundamental frequency solutions, s1 (z) and E 1C (z), subject
to the boundary conditions at z = 0 (TWT input)
s1 (z =
 0) = 0
∂s1 
=0
∂z 

(15a)
(15b)

z=0

E 1C (z = 0) = E 10

(12)

It is clear that the linear theory for the fundamental frequency (11) is identical to Pierce’s theory. Equation (12) then
is an extension to Pierce’s theory for the second harmonic.
Note that (12) is similar in form to (11), except for the
additional nonlinear forcing terms at the end of the RHS
of (12). These nonlinear terms, comprised of quantities from
the fundamental, are what generate and drive the evolution of
the second harmonic.
The excitation of the circuit electric field E nC also follows
the classical TWT theory and is considered next.

(15c)

where E 10 is the circuit electric field at the input, which is at
the fundamental frequency. Equation (15b) states that there is
no velocity perturbation at the input, as can be seen from v 1 =
j ω0 s1 + v 0 (∂s1 /∂z) and using (15a). Once s1 (z) and v 1 (z)


1 A more careful expansion would show that (13) should read


me 3 3
d
ω
ω C (1 + C1 b1 )2 s1 (z).
+ j 0 [1 + (b1 − jd1 )C1 ] E 1C (z) = j
dz
v0
ev 0 0 1
(13a)

Equation (13a) was used in CHRISTINE and will be used in the comparison.
For ease of exposition, we will continue to use (13).
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TABLE I
TABULATION OF PARAMETERS FOR T EST C ASES

Fig. 2. RF power profile in semi-log plot for (a) case with constant
attenuation and (b) the case with the attenuation profile. The bottom
curves show second-harmonic RF power due only to the orbital crowding
term, ΛI2 (s1 ), in (14).
Fig. 1. Attenuation profile of a helix TWT used for the test cases.
The mid-stream sever of radius Rsever = 0.2794 cm is located between
z = 2.667 cm and z = 2.921 cm.

are obtained, (12) and (14) may be solved for the evolution
of the second-harmonic solutions, s2 (z) and E 2C (z), subject
to the boundary conditions at z = 0
s2 (z =
 0) = 0
∂s2 
=0
∂z 

(16a)
(16b)

z=0

E 2C (z = 0) = 0.

(16c)

Equations (16c) and (15c) state that all second-harmonic
quantities are generated by the input signal at the fundamental
frequency. Note further that the second-harmonic signal that
is generated will have a definite phase relation with respect to
the input signal.
III. N UMERICAL E XAMPLES
We shall consider several test cases involving a helix TWT
with parameters tabulated in Table I. This example includes a
sever and spatially nonuniform cold-tube loss. In Table I, v ph
is the wave phase velocity (normalized to the speed of light
in vacuum, c), K , b, C, and QC are the Pierce interaction
impedance, detuning parameter, gain parameter, and ac “spacecharge” parameter, respectively. For the Pierce circuit coldtube loss parameter d [1], [22], we consider the cases of: 1)

a spatially uniform profile (d = constant) given by the gray
line and 2) an attenuation profile given by the black line, as
shown in Fig. 1.
As can be seen from Fig. 1, there is an addition of a
sever midstream. The modeling of the sever region is given in
the Appendix.
The results for the RF power profile for both test cases
(uniform and nonuniform attenuation profiles) described are
shown in Fig. 2. The top four curves in Fig. 2(a) and (b)
show the RF power profile for both test cases and for both the
fundamental and second harmonic in semilog plot. There is
excellent agreement between the analytical calculation (blue
solid curves) and the CHRISTINE code (blue dashed curves)
for the evolution of the fundamental, as is expected. For the
second harmonic, it may be seen that there is also reasonable
agreement. This may be more explicitly seen in the linear plots
of the second-harmonic RF power profile (Fig. 3).
As can be seen from Fig. 3, there is reasonable agreement between the analytic theory (red solid curves) and
CHRISTINE (red dashed curves) for the second-harmonic
RF power profile. In the presever region, [Fig. 3(a) and (c)],
there is excellent agreement for both constant attenuation and
spatial taper (attenuation profile). In the postsever region,
[Fig. 3(b) and (d)], the analytic formulation differs from
CHRISTINE by only 50%, after the second-harmonic RF
power exponentiates by six orders of magnitude beyond the
sever region. This difference might well be attributed to the
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Fig. 3. RF power profile for the second harmonic in linear plot for
(a) and (b) case with constant attenuation and (c) and (d) case with
the attenuation profile.

differences in modeling the sever region in CHRISTINE and in
the analytic theory (Appendix). These tests may then be taken
as a validation of both the CHISTINE code and the analytic
theory, for both the fundamental and second harmonic, with
and without the effects of spatial tapers.
It should be noted that the synchronous nonlinear terms
in s2 [i.e., the v 1 (∂v 1 /∂z) and v 1 (∂s1 /∂z) terms in (12)] are
the main contributors to describing the growth of the secondharmonic RF power. Without these nonlinear terms for s2 , but
retaining only the orbital crowding term I2 (s1 ) in the RHS
of (14), the second-harmonic RF power is orders of magnitude
lower, as shown in the bottom curve in Fig. 2(a) and (b).
The nonsynchronicity of the orbital crowding term means that
the second-harmonic RF power does not grow beyond its
initial value (0 W). In other words, the top four curves in
Fig. 2(a) and (b), and all curves in Fig. 3, are hardly changed
if we drop the I2 (s1 ) term in the RHS of (14), when we
solve (12) and (14). It should also be noted that from no initial
power at the second-harmonic frequency and an input power
of 1 mW at the fundamental frequency, RF power on the order
of 10 mW is derived at the second harmonic for this example.
IV. C ONCLUSION
In a helix TWT that has an octave bandwidth (or greater),
the second harmonic of the input signal at the fundamental
frequency may be within the tube’s amplification band and
thus may also be amplified. In such a case, there are two
possible sources of harmonic content: the process of orbital
crowding (similar to that in klystrons) and nonlinearities in the
electron orbits. Much to our surprise, it was found that orbital
crowding did not play as important of a role as was initially
thought. Rather, specific nonlinear terms in the governing

equation for the electron beam played a much more important
role in describing the RF power growth. The synchronicity
of these terms and thus of the second-harmonic field to the
beam provided the mechanism for this growth. That is, it was
found (2ω0 /2k0 ) ≈ v 0 at the second harmonic, the condition
for amplification in a TWT.
In this paper, we have provided a method to ascertain the
synchronous nonlinear terms in the governing equations for
the beam–circuit interaction. In so doing, we have provided
an extension to Pierce’s original formulation to describe
harmonics in the electron beam. The method in this paper
also recovers Pierce’s original equations for the beam–circuit
interaction at the fundamental (input) frequency and allows for
axial variations in the Pierce parameters.
To test whether or not our analytical method is viable,
several test cases were considered with comparisons made
with the large-signal, nonlinear CHRISTINE simulation code.
In these test cases, a helix TWT with a midstream sever and an
attenuation profile was considered. As was expected, excellent
agreement in the RF power profiles was found between theory
and CHRISTINE at the fundamental. We have also validated
the second-harmonic RF power profile in the pre and postsever
regions for the cases of uniform and nonuniform attenuation.
Future work may include extension to higher harmonics,
and application of this theory to harmonic generation in other
devices.
A PPENDIX
We model the midstream sever (z − < z < z + , z − =
2.667 cm, z + = 2.921 cm, see Fig. 1) in the test cases as a
cylindrical drift tube that is perfectly conducting. We assume
that the circuit electric field is completely cut off in the sever
region (i.e., E C = 0). Information from the presever region
to the postsever region is transmitted completely through the
beam. The governing equation for the evolution of the beam
within the sever region is


∂
∂
v(z, t) + ωq2 s(z, t) = 0, z − < z < z + . (A1)
+ v0
∂t
∂z
Assuming e j (nω0 )t dependence for a signal of frequency
ω = nω0 , (A1) becomes


d
2
sn (z) = 0.
(A2)
j nω0 + v 0
v n (z) + ωqn
dz
Equation (A1) is just a statement of the (linearized) force
law with space-charge effects and no circuit fields [3]. Here,
ωq = ω p F is the reduced plasma frequency, where the plasma
frequency reduction factor F was calculated using the method
prescribed in [23] (in particular, the case where the pencil
electron beam is concentric with a metallic cylinder). The
initial conditions for (A2) are sn (z) and v n (z) are continuous
at z = z − .
At the exit of the sever region (z = z + ), sn (z) and v n (z) are
continuous. In addition, E C (z + ) = 0, meaning that the circuit
field is zero at z = z + . These are the boundary conditions for
the postsever region (z > z + ) for (11) and (13) for n = 1, and
for (12) and (14) for n = 2.
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