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Abstract— A model of a thermionic cathode in a planar diode
in which the Poisson and Vlasov equations are solved in 3-D
assuming an infinite magnetic field is presented. We explore
how 2-D work function variations across the cathode surface
may affect the transition between temperature-limited and space-
charge-limited flow, commonly known as the “knee” of the Miram
curve. We study a variety of work function distributions, both
realistic and idealized, and demonstrate how emission from the
lowest work function regions dominates the total anode current
even when such regions make up a relatively small fraction of
cathode area. Our model also illustrates the ability of cathodes
to reach the full Child–Langmuir current despite the presence of
a sizeable nonemitting region. We find that as the length scale of
these work function variations decreases, the Miram knee grows
sharper, indicating improved cathode performance.

Index Terms— Cathode, Miram curve, space-charge-limited,
temperature-limited, thermionic emission, work function.

I. INTRODUCTION

THERMIONIC cathodes are commonly used to generate
the electron beam that drives a wide variety of vacuum

electronic devices, such as traveling wave tubes, klystrons,
and magnetrons. For a cathode of work function φ operating
at temperature T , the emitted current density is given by
the Richardson–Dushman law, varying as ∼T 2 exp(−(φ/kT ))
where k is Boltzmann’s constant [1]. However, as the cathode
temperature is increased, the accumulation of charge due to
these ejected electrons may form a potential minimum or
virtual cathode that limits further emission [2], [3]. In a simple
1-D model (Fig. 1), the maximum achievable anode current
density is set by the Child–Langmuir law [3], [4], which
depends only on the diode gap distance d and gap voltage
Va but is independent of any cathode properties such as work
function or temperature.

The evolution from the temperature-limited regime to this
space-charge-limited regime for a cathode is characterized
by its Miram curve, [5] a plot of anode current versus
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Fig. 1. Planar diode geometry.

cathode temperature, while the transition region is known as
the “knee” in the curve. For an ideal 1-D cathode with a
uniform work function, the transition is highly abrupt, forming
a sharp knee in the Miram curve. However, in experimental
curves, this transition occurs much more gradually, resulting
in a smooth and rounded knee. The physical reasons behind
this discrepancy have not been definitively identified, though
one of the factors is conjectured to be the complex surface
morphology of the cathode, which introduces spatially varying
work function distributions and local field enhancement due
to cathode surface roughness. This is an important issue,
since thermionic cathodes are almost always operated in the
vicinity of the knee for thermal stability and cathode life
considerations [6].

There were previous attempts to construct an ad hoc
“practical work function distribution” (PWFD) directly from
the experimental Miram curve [7]. The PWFD usually exhibits
a very sharp peak with a very narrow spread of about 0.1 eV
in the work function. The PWFD construction is somewhat
arbitrary; it does not have a sound physical basis. Chernin
et al. [8] recently examined the effects of nonuniform cathode
emission on the shape of the Miram curve using a novel
analytical “1-1/2-D model” and the MICHELLE electron gun
code. They considered a cathode whose local work function
φ(y) was allowed to periodically vary in one spatial direction
y (Fig. 1), forming work function “stripes.” Electron motion
was limited to 1-D by assuming an infinite magnetic field
(B) in the z-direction, but the potential was solved for in 2-D,
hence the term “1-1/2-D model.” From this work, we reached
the following general conclusions:

1) Electron motion parallel to the cathode surface does not
significantly alter the smoothness or the shape of the
Miram knee. That is, the shape of the Miram curve is
insensitive to whether we assume B = 0 or B = ∞.
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2) Regions of different work functions do not emit indepen-
dently; they compensate for each other via space-charge
forces.

3) Most surprisingly, even with a significant nonemit-
ting region, the total anode current obeys the 1-D
Child–Langmuir law as if the entire cathode surface
were emitting.

The compensatory current effect from (3) echoes the results
of Umstattd and Luginsland [9] who show the formation of
current density “wings” on the edges of 2-D emitting patches
under space-charge-limited conditions. Like these patches, low
work function (highly emissive) regions are not bound by
space-charge forces near their boundaries with nonemitting
(high work function) regions, allowing them to provide a
current density that locally exceeds the 1-D Child Langmuir
prediction.

However, the 1-1/2-D model [8] was still not capable of gen-
erating the smooth transitions often observed in experimental
Miram curves. Nevertheless, some “rounding” of the knees
did occur. When the distribution of work function assumed
a few discrete values, including a large value (10 eV) to
represent a nonemitting stripe, the resulting Miram curve
exhibited several distinct slopes. MICHELLE simulations of
this striped cathode validated these curves, also showing the
distinct slopes [8]. They demonstrated that they were insensi-
tive to changes in applied magnetic field, B , by comparing
the simulations with B = 0 and B = 1 T with analytic
results, which assume B = ∞. However, if similar spatial
variations of the discrete work function distributions were also
allowed in the x-direction on the cathode surface (Fig. 1), the
3-D MICHELLE code simulations did show a very smooth
and rounded Miram curve, much like those experimentally
observed, as we reported in [8]. It is, therefore, of substantial
interest to extend the analytic 1-1/2-D model to 2-1/2-D,
allowing the local work function φ(x, y) to vary in both
x- and y-directions on the cathode surface. The versatility
of the 2-1/2-D code may definitively answer whether the
smoothness and roundedness observed in Miram curves is due
mainly to the 2-D effects in the work function distribution,
or in large part due to the presence of significant nonemitting
regions on the cathode. We may also readily examine a variety
of idealized and realistic work function patterns to study how
various factors, such as the length scale of work function
variations and the appearance of a few local “bright spots”
corresponding to highly emitting local spots, may impact the
shape of the Miram curve. This article reports our findings on
these issues.

Section II presents the 2-1/2-D theory. Section III presents
the numerical results. Summary and conclusions are given in
Section IV.

II. THEORY

The theory largely follows Chernin et al. [8], with some
minor additions as we extend the treatment to include an
additional periodic spatial dimension. We consider a simple
planar diode with the grounded cathode located at z = 0 and
the anode at voltage VA at z = d . An infinite magnetic field
B = Bz = ∞ is imposed. Allowing for local variations in

the work function φ(x, y), the emitted current density at the
cathode is given by the Richardson–Dushman equation

JRD(x, y) = AT 2e−φ(x,y)/kT (1)

where A is the Richardson coefficient, T is the cathode
temperature, and φ(x, y) is the local work function. Following
the approach of Fry and Langmuir [2], [3], we construct
the following electron distribution function as a solution of
Vlasov’s equation:

f (x, y, z, vz) = JRD(x, y)

v2
th

exp

(
−mv2

z /2+qV (x, y, z)

kT

)
. (2)

Note that the RHS of (2) is functions of constants of motion,
x , y, and the total energy of an emitted electron. Poisson’s
equation may be written as

∇2V (x, y, z) = 1

�0vth

√
π

2
JRD(x, y)e−qV (x,y,z)/kT

×er f c

(
vmin(x, y, z)√

2vth

)
≡ S(x, y, z) (3)

where �0 is the permittivity of free space, vth = (kT/m)1/2 is
the thermal velocity, and vmin(x, y, z) is the minimum value of
velocity of any electron originating from (x, y) that can reach
location z. Expressions for vmin are given in Appendix A of [8].

We consider the work function φ(x, y) to be periodic
functions of (x, y) with periods px and py. Since the electron
motion is limited to 1-D but the potential is solved for in 3-D,
we call this the “2-1/2-D model.”

We define Nx and Ny “cell centered” values of x and y,
respectively, as

xi = i + 1/2

Nx

px

2
(4)

y j = j + 1/2

Ny

py

2
(5)

for i = 0, 1, 2, . . . , N x − 1 and j = 0, 1, 2, . . . , N y − 1.
We then express the potential as a Fourier series

Vi j(z) = 4

Nx Ny

Nx −1∑
l=0

�
Ny−1∑
m=0

�Ṽlm(z)

× cos

(
2πlxi

px

)
cos

(
2πmy j

py

)
(6)

for l = 0, 1, 2, . . . , N x −1 and m = 0, 1, 2, . . . , N y −1 where
the prime marks on the summations denote that the l = 0, m =
0 terms each have an additional factor of 1/2. We discretize the
second derivatives with respect to x and y in (3) and reduce
the 3-D problem to a set of coupled 1-D problems to find that
Ṽlm(z) satisfies

d2

dz2
Ṽlm(z)−2

[
1 − cos θl

�x2
+ 1 − cos θm

�y2

]
Ṽlm(z) = S̃lm(z) (7)

where θl = (πl/Nx ) and θm = (πm/Ny), and S̃lm(z) is the
discrete Fourier transform of S, which is [cf. RHS of (3)] given
by

S̃lm =
Nx −1∑
i=0

Ny−1∑
j=0

Si j cos

(
2πlxi

px

)
cos

(
2πmy j

py

)
. (8)
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The required boundary conditions on Ṽlm(z) are

Ṽlm(0) = 0 (9a){
Ṽlm(d) = Nx Ny Va for l = 0, m = 0

Ṽlm(d) = 0 otherwise.
(9b)

We begin with an approximate solution for the potential which
we denote as V (n)

i j (z) where the superscript (n) denotes the nth
approximation in our iterative solution. A good choice for the
first iteration is the vacuum solution Va(z/d). We then evaluate
Si j (z) by computing the right-hand side of (3), which requires
finding the potential minimum of V (n)

i j (z). We next compute
the Fourier coefficients of S̃lm using (8), solve (7) for Ṽlm(z)
subject to the boundary conditions in (9), and transform the
solution to Vi j(z) using (6). As in [8], rather than using Ṽlm(z)
as the (n + 1)-th iteration, we denote this solution as V (n+)

i j (z)
and instead define the next iteration of the potential as

V (n+1)
i j (z) = αV (n)

i j (z) + (1 − α)V (n+)
i j (z) (10)

where the mixing parameter α is a real number satisfying
0 < α < 1. The value of α must be obtained empirically,
but was typically set in a range from 0.8 to 1. We iterate this
algorithm until the solution converges everywhere to 1 part
in 104.

III. RESULTS

We use the same diode parameters as [8], setting VA =
179.5 V and d = 0.381 mm and apply our 2-1/2-D model to
a variety of work function distributions to assess their impact
on the Miram curve. First, to demonstrate the space charge
shielding effect (and its lack) and resulting current compensa-
tion that low work function regions have on their high work
function neighbors, we begin with simple arrangements of two
work functions: φ1 = 2.0 eV and φ2 = 2.2 eV (Fig. 2).
We compare the Miram curves resulting from a striped pattern
[Fig. 2(a)], first tested in [8], to its natural 2-1/2-D analog: a
checkered pattern [Fig. 2(b)], using two different values for
the width of each stripe (and of each square side) s = 53,
265 μm. For the following tests, unless indicated otherwise,
1024 simulation cells (Nx = Ny = 32) were used to model
the cathode area, while the vacuum region was discretized
into Nz = 500 cells. Since the boundaries in x and y are
periodic, the entire pattern, as shown in Fig. 2(a) and (b),
need not be simulated; a smaller selection can be made such
that each “tile” is modeled by 256 (16 ×16) simulation cells.
We see from Fig. 2(c) that for both stripe widths, the current
in the checkered case exceeds that of the striped case in the
knee region, forming a slightly more rounded knee akin to an
experimental Miram curve. Since the current compensation
effect occurs primarily at the boundaries between different
work functions, it is enhanced by an arrangement that creates
more boundaries, i.e., a checkered case. This is made even
more apparent in Fig. 2(d), which shows the current density
contribution from each work function for the s = 53 μm
case. As the cathode’s temperature is raised into the transition
regime, i.e., the knee of the curve, emission from the 2.0 eV
regions in the checkered case is increased, while emission
from the 2.2 eV regions is suppressed (relative to the striped
case). This effect continues well into the space-charge-limited

Fig. 2. (a) Striped pattern (1-1/2-D). (b) Checkered pattern (2-1/2-D).
(c) Comparison of striped versus checkered arrangements of φ1 = 2.0 eV
and φ2 = 2.2 eV for two square/stripe widths s = 53, 265 μm. (d) Separate
current density contributions from φ1 (red curves) and φ2 (yellow curves) for
checkered and striped cases, and the total current density (black curves). Here,
s = 53 μm.

regime, acting in a way to force the overall cathode current
density to obey the 1-D Child–Langmuir Law [black curves
in Fig. 2(d)].

Next, we replace one in every four 2 eV tiles in the
checkered pattern with a nonemitting tile, modeled as having
a 10 eV work function [Fig. 3(a)] and labeled “checkered
variant.” The resulting Miram curves for s = 53, 265 μm
compared with the standard checkered pattern are given
in Fig. 3(b). First, we note that including a nonemitting region
significantly lowers the current in the temperature-limited
region and generally shifts the entire Miram curve to the
right. The current is also reduced in the space-charge-limited
regime, but this behavior is highly dependent on the tile size s.
Smaller tile sizes increase the effective boundary regions
where current compensation occurs, thereby sharpening the
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Fig. 3. (a) Checkered variant pattern. (b) Comparison of checkered vs
checkered variant patterns for two square widths s = 53 μm, 265 μm.
(c) Separate current density contributions from φ1, φ2, and nonemitting
regions for checkered and checkered variant cases, s = 53 μm.

knee and allowing for a higher anode current at lower cathode
temperatures. In addition, we observe that at sufficiently high
temperatures, both checkered variant cases eventually achieve
the 1-D Child–Langmuir current density (∼4.2 A/cm2), appar-
ently behaving as if the entire cathode were emitting. However,
larger tile sizes significantly delay this process, highlighting
the importance of the length scale of different work function
regions on the cathode surface in determining the shape of
the Miram curve. [This effect of tile size may readily be seen
in the hypothetical case where the tile size in Fig. 3(a) is
much larger than the AK gap spacing, d .] Fig. 3(c) breaks
down the current density contribution from each work func-
tion and demonstrates how both the 2 and 2.2 eV regions
attempt to compensate current for the nonemitting region,
which contributes effectively zero current in the operational
temperature range. Under these conditions, the 2.0 eV regions

TABLE I

WORK FUNCTION AREA DISTRIBUTION PERCENTAGES

are capable of supplying a current density over double the
1-D space charge limit. Generally, we observe that the low
work function regions contribute to the majority of the anode
current, even when they make up a relatively small fraction of
the cathode area, as is apparent when we study a more realistic
representation of a cathode surface, as follows.

To model a real cathode, we first refer to the work function
area distribution, labeled “Experiment [10]” in Table I. The
data in this column are the percentages of cathode area occu-
pied by the indicated work function, obtained from electron
backscatter diffraction measurements on a tungsten dispenser
cathode [10]; the work function values were calculated using
density functional theory (DFT) [11]. We once again note
the sizeable fraction of nonemitting area that is typical of
these cathodes [∼22%, on the order of the checkered variant
test in Fig. 3(a)] as well as the ability of the cathode to
retain the full Child–Langmuir current at sufficiently high
temperatures as if the entire cathode were emitting, as we shall
also show shortly. We construct the work function distribution
pattern in Fig. 4(a) (in which the “Rand I” case is generated
by a random number generator to mimic “Experiment [10]”
data). A random sequence of 256 work functions is generated
in the distributions in Table I. Each tile of work function
has an area of 2.5 μm × 2.5 μm and is modeled by four
(2 × 2) simulation cells. Improving the resolution of this
grid or testing different randomly generated patterns (with the
same work function distribution) did not significantly alter
our results. We also constructed two other patterns; in one,
the size of the nonemitting area was boosted by 10% [Rand II,
Fig. 4(b)], while in the other, it was increased by 15%
[Rand III, Fig. 4(c)]. In both, the area of the 1.61-eV regions
was reduced to compensate. The resulting Miram curves are
given in Fig. 4(d). First, we note how the knee of Rand I
appears much more rounded than its 2-1/2-D counterparts
by comparing with Fig. 3(b), indicating significant progress
toward reproducing an experimental curve. (The smaller tile
size used in Fig. 4(d) than in Fig. 3(b) is also a contributing
factor, see below.) Increasing the nonemitting area shifts the
knee down and to the right, lowering the current density
in the knee. In Fig. 4(d), we also include the results of a
particle-in-cell simulation of Rand I using the MICHELLE
code [12], in which a 20 T magnetic field was applied
to restrict all electron motion to be parallel to the z-axis.
We observe excellent agreement across the various electron
flow regimes: temperature-limited, space-charge-limited, and
the transition between them. We additionally remark that the
computational time required to solve the anode current at a
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Fig. 4. (a)–(c) Randomly generated work function maps using distributions
Rand I, II, and III from Table I. (d) Miram curves of Rand I, II, and III where
the nonemitting area is increased by 10% in Rand II and by 15% in Rand II,
while the 1.61-eV area is decreased to compensate. (e) Total anode current
(black curve) and the anode current from different work function regions
(color curves). (f) Anode current density from the total current (black curve)
and from different work function regions (color curves). Rand I data are used
in (e) and (f).

single temperature is on the order of hours for a MICHELLE
simulation, compared with several minutes for the 2-1/2-D
code. We stress that Fig. 4(d) shows an extremely rigorous
numerical test in that both the 2-1/2-D model and MICHELLE
code need to resolve the potential minimum (if one exists) in
each of the 256 tiles, including all mutual interactions among
the tiles, consistent with the electron orbits that make up the
charge distributions within each tile. Yet excellent agreement
between these two vastly different numerical calculations was
observed in Fig. 4(d).

We show the contribution of current [Fig. 4(e)] and current
density [Fig. 4(f)] from each work function region for Rand I.
Remarkably, the 1.61 eV region accounts for over 85% of the
current contribution in the knee despite only making up ∼18%
of the actual cathode surface; the current density ascribed
to this region is nearly five times the 1-D Child–Langmuir
current.

Fig. 5. Effect of varying work function tile size s on shape of Miram curve
using work function map Rand I.

Fig. 6. Simulation of work function map Rand I, with increasing fraction
of nonemitting (10 eV) tiles replaced by the highly emitting 1.61-eV tiles.

Next, we use the work function map Rand I [Fig. 4(a)]
and vary the width of each work function square from
s = 0.3125 to 10 μm, plotting the resulting Miram curves
in Fig. 5. We observe that as s decreases, the knee grows
dramatically sharper. As in the checkered cases (Figs. 2 and
3), smaller tile sizes imply a greater proportion of bound-
aries relative to surface area. Since the current compensation
effect occurs primarily at the boundaries, one would expect
that this effect is progressively stronger as the tile size
decreases. This phenomenon has some implications on cathode
design; if the length scale of work function variations can be
reduced, one could obtain a higher anode current density for
a lower cathode temperature, thereby improving lifetime and
performance [6].

We next perform two additional tests, on the gradual
reduction of nonemitting regions (Fig. 6), and on the effects of
some local “hot spots,” modeled by very low work functions so
that the local emission current density may be excessively high
(Fig. 7). In Fig. 6, we replace the nonemitting tiles in Rand I
[Fig. 4(a)] with 1.61 eV tiles in increasing fractions: 1/16, 1/4,
1/2, and 1. As one might expect, as the number of low work
function tiles increase, the transition temperature between
space-charge-limited and temperature-limited flow drops and
the knee sharpens as the overall curve shifts to the left. The
second test also used Rand I, where we replaced an increasing
number of 10 eV work function tiles (which are nonemitting)
with 1 eV work function tiles (which are highly emitting).
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Fig. 7. Simulation of work function map Rand I with increasing number of
nonemitting (10 eV) tiles replaced by very highly emitting 1-eV tiles.

The result is shown in Fig. 7. Comparison of the lowest
two curves in Fig. 7 shows that just one tile of excessively
low work function (of 1 eV) can have a rather significant
modification of the Miram curve. The tile size used is 2.5 μm
× 2.5 μm in Fig. 7 and in Fig. 4(a). We are tempted to use
a highly emitting local spot to represent strong field emission
resulting from local cathode surface roughness that is difficult
to model, either analytically or in numerical codes. These
local hot spots could increase the intrinsic emittance of the
generated electron beam [13], [14].

Finally, MICHELLE simulation of Rand I with B = 0
shows an increase of anode current by only 2.4 percent at
the knee, compared with the MICHELLE run using B = 20 T
[Fig. 4(d)], and consistent with our previous observation [8]
that the electron motion parallel to the cathode surface has
little effect on the shape of the Miram curves.

IV. CONCLUSION

This article extends the analytic formulation of
Chernin et al. [8] to include work function variations along
the two dimensions of the surface on a planar thermionic
cathode. In addition to being much more realistic in modeling
a real cathode surface, it allows a much faster evaluation
of various physical effects that could contribute to shape of
the Miram curve. We have observed that inclusion of 2-D
variations in the work function would yield a Miram curve
that is notably more rounded than its 1-D counterpart [8].
From a number of 2-D work function patterns, we recover
the 1-D Child–Langmuir limit as if the entire cathode
were emitting despite a sizable portion of the area being
nonemitting. It remains an intriguing mystery why patch
cathode emission, in either the 1-D or 2-D model, conspires
to yield an anode current that is governed by the 1-D Child–
Langmuir law, as if the entire cathode were emitting. We also
illustrate how the low work function regions contribute the
most current despite making up a relatively small fraction of
the cathode area. In addition, we examine how the size of
the patchiness in the work function affects the shape of the
Miram curve. In general, smaller length scales yield a sharper
knee and, hence, could improve cathode performance. The
simple model suggests that a single highly emitting local spot
may produce a noticeable modification of the Miram curve.

How these 2-D effects may impact a crossed-field diode [15]
remains to be studied.

Our parametric studies of a 2-D work function distribution
given in this article imply tremendous difficulty to solve the
inverse problem: calculating the work function distribution
from experimental Miram curves. Since the emission from a
specific location on the cathode surface is highly dependent
on the neighboring work function distribution as well as
the patchiness length scales, and on whether there are some
highly emitting local hot spots, the Miram curve is unlikely to
deconvolve into its constituent work function distribution. Our
extensive tests using the 2-1/2-D model indicate that PWFD
with a narrow work function distribution (∼0.1 eV [5]), and
zero nonemitting regions, will always yield a sharp knee.
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