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Abstract— Thispaper extends Johnson’sclassical theory
[Johnson, Proc. IRE 43, 684 (1955)] for the threshold of
backward-wave oscillation (BWO) in a traveling-wave tube
by considering the effects of: 1) small random variations
of the circuit phase velocity along the tube axis and 2) end
reflections. We find that both the BWO threshold and BWO
frequency are minimally affected by random variations of
the phase velocity, but we find that the oscillation threshold
depends sensitively on the magnitude and phase of the
composite reflection coefficients.

Index Terms— Backward-wave oscillations (BWOs), ran-
dom variations, traveling-wave tubes (TWTs).

I. INTRODUCTION

BACKWARD-WAVE oscillations (BWOs) pose a serious
threat to the stability of a traveling-wave tube (TWT)

[1]–[7]. These oscillations occur near the intersection of the
forward-propagating beam mode and the backward-wave mode
of the slow-wave structure in the (ω, β) dispersion diagram,
where ω is the frequency and β is the propagation constant.
These backward-wave modes have a forward (positive) phase
velocity and a backward (negative) group velocity. BWO
is different from regenerative oscillations, which are caused
by reflection and reamplification of an in-band signal that
co-propagates with the electron beam. It is also different from
the band edge oscillations [8]–[10], which occur near a zero
group velocity point of the dispersion diagram for the slow-
wave structure.

Johnson developed the classical theory for the onset of
BWO in a TWT [1], [2] for a uniform circuit in the absence
of end reflections. His threshold condition for BWO is given
in terms of the starting length L at a given current. This
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starting length, together with the frequency of BWO, must
be obtained numerically from a transcendental relation, (see
Section II). An interesting feature of Johnson’s theory is
that his threshold condition depends only on the two Pierce
parameters, QC and d , where QC is the so-called space charge
parameter, and d measures the cold-tube loss, both evaluated
at the BWO frequency [1], [2]. Johnson [1] reported that
his theory yielded good agreement with the experimental
observations. However, we would point out that it remains
an open question on how to determine QC accurately for a
realistic slow-wave structure [11]–[13].

In this paper, we consider the effects of random axial
variations of the circuit phase velocity on Johnson’s threshold
conditions. We find that these random variations only min-
imally affect the threshold conditions. We next remove the
random variation of the phase velocity, but take into account
the end reflections by including the forward propagating circuit
mode, which is at the same frequency of BWO, but does not
interact with the beam. We find that the resulting threshold
conditions depend sensitively on the amplitude and phase of
the composite reflection coefficient.

Our treatment of the starting condition for BWO generally
follows Johnson’s approach, which is very different from
that of Levush et al. [5], who also considered BWO in
a TWT including the effects of end reflections. It is diffi-
cult to compare this paper and that of Johnson to that of
Levush et al. [5] since the latter authors did not formulate
their theory in terms of Pierce parameters, and therefore did
not show the explicit dependence of the threshold on QC and d
as in Johnson’s theory. In fact, Levush et al. [5] assume that
the cold-tube circuit is lossless; so they cannot be readily
used to compare with BWO experiments which exhibit cold-
tube loss. Moreover, the threshold oscillation condition in [5]
depends explicitly on the group velocity of the backward
circuit mode, while the group velocity (and the backward-
wave signal propagation time) does not enter explicitly in
Johnson’s theory. We have been consequently unable to deter-
mine the precise relation between the approach and results of
Levush et al. [5] and those of Johnson [1]. Other references
on BWO in a TWT may be found in [14]–[20].

This paper was in part motivated by a test experimental helix
TWT built by L3 Technologies, dedicated to the study of BWO
excitation. In that experiment, BWO was not observed even
though it was predicted to occur according to the classical
Johnson theory. The extension of Johnson’s theory given here
was insufficient to explain why this tube did not oscillate.
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Fig. 1. Example of random variations along the tube axis; b is Pierce’s
detune parameter.

A preliminary report of this experiment was presented in a
conference abstract [21].

II. EFFECTS OF RANDOM VARIATIONS

IN PHASE VELOCITY

For a uniform tube, the incremental complex wavenumbers,
δ1, δ2, and δ3 satisfy Pierce’s three-wave dispersion relation
for the backward wave with e jωt− jβz dependence [1], [2]

(δ2 + 4QC)(δ + jb − d) = j (1)

where δ = − j (β − βe)/Cβe and b = (v0/v p − 1)/C is the
mismatch between the beam velocity v0 and the phase velocity
of the backward wave v p , βe = ω/v0 is the propagation
constant of the beam mode, C is Pierce’s dimensionless
gain parameter, and QC is Pierce’s space charge parameter,
all referring to the backward-wave mode [1].1 When the
circuit parameters v p , C , or d are allowed to vary axially,
as shown in Fig. 1, (1) is no longer applicable, and these
three waves are governed by the nondimensional differential
equation [6], [22], [23]

d3 f (x)

dx3 + jC(b + jd)
d2 f (x)

dx2 + C2(4QC)
d f (x)

dx
+ jC3(4QC(b + jd) − 1) f (x) = 0 (2)

where x = βez is the normalized axial distance, f (x) =
e j xs(x), and s(x) is the small signal displacement of an
electron from its unperturbed orbit. In terms of f , the circuit
wave RF electric field, a(x), evolves according to

a(0)

a(x)
= f ��(0) + 4QC3 f (0)

f ��(x) + 4QC3 f (x)
= 1

f ��(x) + 4QC3 f (x)
(3)

where we have used the “initial” conditions to (2)

f (0) = 0, f �(0) = 0, f ��(0) = 1 (4)

which represent, respectively, zero ac current, zero ac velocity,
and unit output electric field [6], [22], [23], [24] in the present
linear theory. For the backward-wave amplification, the input
is located downstream, at z = L (Fig. 1).

For a uniform tube, one finds from (2) to (4)

a(βeL)

a(0)
e j2π N = δ2

1 + 4QC

(δ1 − δ2)(δ1 − δ3)
e2πδ1CN

+ δ2
2 + 4QC

(δ2 − δ3)(δ2 − δ1)
e2πδ2CN

+ δ2
3 + 4QC

(δ3 − δ1)(δ3 − δ2)
e2πδ3CN (5)

1See Eqs. (11.1-11), (11.1-9), and (11.2-7) of Ref. [2].

which is [2, eq. (11.1–15)]. Here, N = βe L/2π is the length
of tube, measured in the number of axial wavelengths of
the beam mode, and δ1, δ2, and δ3 are the three roots of
the three-wave dispersion relation, (1). In Johnson’s theory,
it is assumed that QC and d are given. The values of CN
(starting length or threshold current) and b (BWO oscillation
frequency) are then determined numerically so that the real
and imaginary parts of RHS of (5) are both equal to 0. Thus,
the threshold current and the oscillation frequency of BWO,
according to Johnson’s theory, depend only on the secondary
parameters, QC and d . For QC = 0 and d = 0, Johnson
found CN = 0.314 and b = 1.522. For nonzero values of QC
and b, the values of CN and b are tabulated [1], [2]. Johnson
claimed that his threshold condition gave good agreement with
experiments, but there was insufficient information for us to
validate such claims, as the values of QC and d are largely
unknown for the experiments.

Random variations in the phase velocity affect the gain
the most [6], [22], [23], so we consider only this aspect
in this section. We assume that there is a random variation
only in Pierce’s detune parameter b, while all other para-
meters C , QC, and d are assumed to be constants in (2).
We set b(x) = b0 + b1(x) where b0 is the constant
mean value, and b1(x) is the perturbative quantity that is
obtained by linearly interpolating between randomly generated
neighboring “nodes,” as shown in Fig. 1 [6], [22], [23].
We set x = βe L = 100, and the value of b1 at x = 1,
2, 3, . . . , 100 is set by an independent Gaussian random
number generator with a specified standard deviation σb.
The standard deviation in the circuit phase velocity σq , where
q = (v p − v p0)/v p0, is approximately related to σb, by σb =
(σq/C)(1 + Cb0) [22]. The piecewise linear function shown
in Fig. 1 serves as one “case” that simulates a TWT with
random variations in the phase velocity. To obtain good
statistics, 1000 such cases were generated, each of which was
applied to (2).

To extract the threshold BWO conditions, we have to
determine the values of b0 and C that solve the third-order
differential equation, (2), subject to the initial conditions (4),
which yield a zero normalized circuit electric field at z = L.
This was done by the use of the unconstrained optimization
algorithm “fminsearch” in MATLAB, which uses the Nelder–
Mead simplex algorithm described in Lagarias et al. [25].
For each random sample b1(x), an initial guess at the value
of b0 and C is provided by the pristine tube solution. The
optimization algorithm is then run; this essentially guesses the
values of b0 and C , solves (2) for each guess, then tries to find
the guess that minimizes the value of f ��(x) + C2(4QC) f (x)
at x = 100, see (3). To validate this approach, an error-free
case was run with QC = 0 and d = 0 with an arbitrary initial
guess; this resulted in values of b = 1.522 and C = 0.0197.
Since x = βe L = 100, N = 100/2π = 15.92 ⇒ CN =
(0.0197)(15.92) = 0.314. These values match the published
results of Johnson under the same conditions of QC = 0 and
d = 0 [1], [2].

The statistical distribution of the threshold value of Pierce’s
gain parameter C for the onset of BWO is shown in Fig. 2 for
these 1000 cases, setting d = 0 and QC = 0. Here, we see
that the BWO threshold for C0 [Fig. 2(a)] was only mini-
mally affected by the random variations in the phase velocity.
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Fig. 2. Distribution in threshold for QC = 0 and d = 0 cases. (a) Pierce
gain parameter C (top) and (b) detune parameter b for variation in detune
parameter σb = 1.7 (bottom) (corresponding to the standard deviation
in circuit phase velocity of 3.4%).

This relative insensitivity of Johnson’s BWO threshold is likely
due to the cancelation of all the three waves at z = L
(Fig. 1), and therefore, the sensitivity of b that characterizes
synchronous interaction is of lesser importance. The large
spread in b0 shown in Fig. 2(b) was self-imposed as we
assumed σb = 1.7. The corresponding spread in the BWO
frequency is Cσb = 3.4% since C = 0.02 from Fig. 2(a). The
spread in the threshold current, i.e., in C3, is also of order 3.4%
(not shown). The effect of nonzero QC is shown in Fig. 3,
which shows that the value of the threshold C increases by
50% as QC increases from 0 to 1. Fig. 3 shows that the mean
values of threshold C and b are very close to those in an error-
free tube, and that for QC > 0.25, to a good approximation,
bthres ∼= √

4QC and Cthres ∼= (((QC)(1/4))/2N ), as established
by Johnson [1], see [2, pp. 407].

III. EFFECTS OF END REFLECTIONS

To consider the effects of end reflections on Johnson’s
BWO thresholds, we add the forward wave a f of the circuit
electric field to the backward wave ab of the circuit electric
field, as shown in Fig. 4. Note that ab was denoted by
a in (3) and (5). To simplify the analysis, in this section,
we suppress the axial variations in all the Pierce parameters.
At the BWO oscillation frequency, the forward circuit wave
hardly interacts with the electron beam, so we assume that it
has a constant amplitude between z = 0 and z = L, while the

Fig. 3. (a) Means and relative standard deviations of gain parameter
C and (b) detune parameter b as a function of QC.

Fig. 4. Forward and backward waves for the end reflection model.

backward-wave circuit electric field ab could vary with z in
general. Thus, we write

a f = ã f exp( jωt − jk f z) (6)

ab = ãb(z)exp( jωt) (7)

where ã f is a constant and k f is the wavenumber of the
forward propagating circuit mode, assuming no attenuation in
this forward wave. The forward circuit wave has no gain since
the beam’s velocity is very different from the phase velocity
of this forward wave at the BWO frequency. We next define
the reflection coefficients R0 and RL , at z = 0 and at z = L,
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Fig. 5. Effect of end reflections on the threshold BWO conditions for
(a) b (top) and (b) CN for QC = 0 and d = 0 cases (bottom).

respectively, as

R0 ≡ a f (z = 0)

ab(z = 0)

RL ≡ ab(z = L)

a f (z = L)
. (8)

Multiplying the two equations in (8), we construct a com-
posite reflection coefficient R with an associated phase θ
as follows:

ab(z = L)

ab(z = 0)
= RL R0

a f (z = L)

a f (z = 0)
= RL R0e− j k f L ≡ Re jθ (9)

where we have used (6) and defined R = |R0 RL |. Inclusion
of attenuation in the forward wave in (6) would only change
the composite reflection coefficient R.

The effects of end reflections on the BWO threshold condi-
tion may be obtained by inserting (9) into (5), which is now
modified to read

δ2
1 + 4QC

(δ1 − δ2)(δ1 − δ3)
e2πδ1CN + δ2

2 + 4QC

(δ2 − δ3)(δ2 − δ1)
e2πδ2CN

+ δ2
3 + 4QC

(δ3 − δ1)(δ3 − δ2)
e2πδ3CN = Re jφ (10)

where φ = θ + 2π N . If R = 0, (10) reduces to Johnson’s
BWO threshold condition [1], [2]. This is the case when the

Fig. 6. Effect of end reflections on the threshold BWO conditions for
(a) b (top) and (b) CN for QC = 3.392 and d = 0.135 cases (L3 TWT
[21]) (bottom).

slow-wave TWT circuit is perfectly matched at either termi-
nations, at z = 0 or at z = L, hence R = 0.

We then use an interior-point algorithm [26] with the “fmin-
con” MATLAB optimization function to find the threshold
values of b and CN that satisfy (1) and (10) in the zero space
charge and zero circuit loss (QC = 0 and d = 0) case for a
range of R ∈ [0, 1] and φ ∈ [0, 2π]. These solutions, given in
Fig. 5, show that end reflections can have a significant impact
on the threshold conditions depending on the magnitude of
the reflection coefficient. From Fig. 5(b), one can claim that
end reflections tend to decrease the required starting current,
a result largely consistent with Levush et al. [5], whose
formulation is very different from Johnson [1]. The threshold
conditions, for example, with nonzero values of QC and d
are presented in Fig. 6 for values of R up to 0.14. However,
at higher reflection coefficients (R > 0.14), the transcendental
equation, (10), does not have a meaningful solution, similar
to the case of N which satisfies A = cos(2π N) when
A > 1. When no threshold condition can be found, this
means that BWO does not exist for the set of parameters
QC, d , R, and φ.

IV. CONCLUSION

This paper reveals that the effects of random manufacturing
errors along TWT only minimally affect Johnson’s threshold
for the starting length, as measured by CN, for the onset

Authorized licensed use limited to: University of Michigan Library. Downloaded on August 19,2021 at 20:07:39 UTC from IEEE Xplore.  Restrictions apply. 



JASSEM et al.: EXTENSIONS OF JOHNSON’S THEORY OF BWOs IN A TWT 1523

of BWO. The BWO oscillation frequency and the threshold
current (at a fixed circuit length) were found to be affected to
a similar degree as the variation in the circuit phase velocity.
This insensitivity is quite different from some previous works
where large gain ripples in a forward-wave TWT may result
from random variations of b along the tube [7], in part
due to our neglect of internal reflections that were carefully
accounted for in [7], and in part due to Johnson’s threshold
arising from the cancelation of the three waves at z = L,
thereby reducing the sensitivity to b. Next, we considered
an error-free tube but included the effects of reflections
of the circuit wave on the tube ends in Johnson’s BWO
theory. We found that in the zero space charge, zero cold
circuit loss case, the required starting current for the onset
of oscillation was on average decreased as a result of these
reflections.

Our generalization of Johnson’s theory did not explain why
an L3 helix TWT [21] did not oscillate even though the Pierce
parameter CN in the experiment exceeded the theoretical
threshold value. One reason, we suspect, is that the values
of QC, d , the reflection coefficients, and/or the beam radius
required for application of Johnson’s theory may not be known
with sufficient accuracy.
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